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CHAPTER 8

1. A holomorphic mapping f : U — V is a local bijection on U if for every z € U there exists an
open disc D C U centered at z, so that f : D — f(D) is a bijection. Prove that a holomorphic

map f : U — V is a local bijection on U if and only if f'(z) # O for all z € U.

JERA.
(a) WEM =: Vz, € U, Jopen disc D C U centered by z, s. t.
f 1 U — f(D) is a bijection

Then f|p : D — f(D) is holomorphic and bijective, particularly injective.
By Prop 12.2.1(%12), f (z) # 0. Yz € D, specifically

f(z) #0, Yzo €U (8.1)

Therefore, f (z) # 0, ¥z € U.

(b) Tt <: Vzo € U, 12 wo = f(20).
Since f'(zy) # 0, then Ir > 0, s.t. f(2) # wy, Yz € D;(zp). Let

m = min {1f() - wol | 2=l = 7 } (82)

Since Cx(z) is compact, then m Al A E], Hom > o.

Since Y |w — wy| < m,
[(f(2) - w) = (f(2) — wo)| = |lw—wo|l <m<|f(2) —wol, Yz € Cr(zo) (8.3)

Then by Rouché’s Theorem, for ¥ |w — wy| < m,

f(2) — wand f(z) — wy have the same number of zeros in Dg (z9), which is exactly 1.



Since f is continuous, then 36 > 0, s. t.

f(z) — wo| < m, Yz € Ds(z)
Let r = min{Z%, 6} > 0, then

[f (2) = wo| < m, Yz € Di(2)

Hf@=wZ2&H - NE8N, VI|w-wl| < m.
= [ : D/(zy) — f(D/(zy)) is bijective.

(8.4)

(8.5)



2. Supppose F(z) is holomorphic near z = z, and F(z,) = F'(zy) = 0, while F'(z,) # 0. Show

that there are two curves I'; and I, that pass through z,, are orthogonal at z,, and so that F

restricted to I'; is real and has a minimum at z,, while F restricted to I’ is also real but has a

maximum at z,.

WERR. NI 2 B AT UE M.

(a)

(b)

g holomorphic, s. t. F(z) = (g(z))? in some neighbourhood of z:
Since z, is a zero of order 2 of F, then 4 holomorphic and nonvanishing h : D,(z,) — C,

S. t.
F(z) = (z — z0)*h(z), Yz € D,(2) (8.6)
Since h is holomorphic and nonvanishing on D,(z,), then d¢ holomorphic, s. t.
h(z) = (¢(2))*, Yz € D(z) (8.7)
Take g(z) = (z — z9)@(2), then g is holomorphic and

F(z) = (9(2))*, Yz € Di(20) (8.8)

Construct I';, T's:

Since F(z) = (g(2))? and F(z,) = F'(z) = 0, F"(z,) # 0, then we can get

9(z0) =0
(8.9
g(z)#0
Then by Exercise 1, 46 > 0, s.t. g : Ds(z9) — g(Ds(2p)) conformal.
Thus g~ : g(Ds(z,)) — Ds is also conformal.
Then we define the curves by
nM=t t=0 N =g"'n®). t=0
, and (8.10)
vo(O) =it t=0 () =g (), t20
Therefore,
FIT(t)=t*, t>0
(8.11)
FTy(t) =—t2, t>0
O



3. Suppose U and V are conformally equivalent. Prove that if U is simply connected, then so is
V . Note that this conclusion remains valid if we merely assume that there exists a continuous

bijection between U and V.

JERH. U and V conformally equivalent = [}t = FEARHE T4 FAN B |



4. Does there exist a holomorphic surjection from the unit disc to C?

R AEAE. N IIEAT R

Since F(z) = 22 : H — D conformal, then
f(2) = F(2) =i- 1 : D — H conformal
Let g(z) = z — i C¥ 210 H =) R 2B 4, fHH A9 & 528k R) and h(z) = 22. id
H =gH), HEH, RcH (8.12)

VYwe C, IRERBEEAEH, 20 € Cs.t. 2 =w = (-20)* = w.

ifzoeR = zeH

(8.13)
if z, ¢ R, then either z, or —z, is in H, thus in H
Therefore h(g(H)) = C is surjective.
= Lete =hogof:D — Cisholomorphic and surjective.
4 8.1: holomorphic & surjective ¢
O



13. The pseudo-hyperbolic distance between two points z, w € D is defined by

o(zw) = | Z— 2 (8.14)
1-wz
(a) Prove thatif f : D — D is holomorphic, then
o(f(2), f(w)) < p(z,w), YZ,weD (8.15)

Moreover, prove that if f is an automorphism of D then f preserves the pseudo-hyperbolic

distance
P(f(2).f(w)) = p(z.w). Yz, weD (8.16)
UEEA.
(a) Denote the Blaschke Factor
¢u(2) = 1“__622, Vz,a €D (8.17)

Then ¢, € Aut(D) and ¢, © ¢,(z) = z.

Fix weD. Let g = ¢fuw) o f © ¢y : D — D, then g is holomorphic, and
Jw) —jw) _ o

9(0) = @rw) © f(W) = eru(f(w)) = P (8.18)
Then by Schwartz Lemma,
lg(z)| <|z|, Yze D (8.19)
1.e.
|erw) 0 f 0 pu(@)| < lzl. VzweD (8.20)
Let Z = g,(2), then z = ¢(z), and
| e (F(2))] < [eul(2)] (8.21)
Since ¢, € Aut(D), z € D, then z FJHUkE D. Thus
|rw(f(2)] < lew(2)|, Yz, we D (8.22)
i.e.
z) — f(w z-w
[ I BEETTI a2
which proves the prop.
o



13. The pseudo-hyperbolic distance between two points z, w € D is defined by

Z—Ww
oz, w) = =
1-wz
(b) Prove that
(2) 1
Lf | 5 < 5> YzeD
1-f(2) 1 — |z
This result is called the Schwarz-Pick lemma.
JERR.
(b) By (a),
f(z)__f(w) < z _iv , YZz,weD
1 - f(w)f(2) 1 -wz
Thus
— 1 1
‘f(Z) Jw 1 |1 ep
z-w 1 -Fw)f(z)] 11 -wz
Fix z € D. Letting w — z, we get
‘ J& . VzeD
1-f2)P| ™ [1- 127
Since f : D — D, then
a Z)
lf ( | YzeD

1-lf@P ~ 1-z*

(8.24)

(8.25)

(8.26)

(8.27)

(8.28)

(8.29)
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