Complex Analysis!

—TW —

2024 & 6 H 28 H

R H A : { Complex Analysis) — Elias M. Stein



BTW WEEL

FT—F Week 1
1

L1 BEIIBIN .
12 EBMEAER . ...
13 REFIB 2024 -02-26 . . . . ...
1.4 BEIRC EWIRIMES &R . . . ...
1.5 WREBIEI 2024 —03 01 . . . . . ...

FTTEF Week 2 — — Functions on C
2.1 FEEERRBUNNRAE . . . . .
22 BEARBUONIR, S4i®¥B . ...

2.3 Cauchy — Riemann EqQuations . . . . . . . . . . . . ..

24 BALZAE
2.5 HAFRREBUMSY . .
2.6 REFI 2024 —03 =08 . . . .

FE=F Week 3
3.1 WL MNTEREL BB ...
32 WREBIE 2024 -03 11 . . . ... ...
33 EXEUIMER ..
34 TEEK .
3.5 WREBIE 2024 -03—15 . . . .. ...

%P_[]E Week 4
4.1 BERERGY



H

#

V..

5

4.2
43
4.4

g
7.1
7.2
7.3
7.4
7.5

NE
8.1
8.2

8.3

8.4

WREBIE 2024 —03 =18 . . . . o o
Cauchy's Theorem . . . . . . . . . . i i it it i e e e e e e e e e e

BREFIE 2024 — 03 — 22 . . . o o

Week 5

PERASTEIRER . .
Cauchy Integral Formulas . . . . . . . . . . . . oo,
BREGI 2024 —03 =25 . . . . o
Sequence of functions . . . . . . . . . . it e e e e e e e e e e e

BRI 2024 — 03 =29 . . . ..

Weelc 6

WG 2024 — 04 =01 . . . o 0ot e
PRELIZR AL, AARBURNT ...
FRMTIEF . e
R B
WS 2024 —04 =07 . . . . .o

Week 7
%E){_i ’ *&II{_:_( ’ %i& ...................................

Laurent Series Expansion . . . . . . . . . . . it e e e e e e e e
TREBIE 2024 —04 =08 . . . . oo
Residue Formula . . . . . . . . . . . . i i i e e e e e e e e

BRI 2024 — 04 — 12 . . 0 v o

Weelk 8
PHMEEH . .

8.2.1 Classification of isolated singularities . . . . . . . . .. ... ......
YA e
8.3.1 Removable Singularity . . . . . . . . .. . . . .
832 Pole . . . . . . . e
8.3.3 Essential Singularity . . . . . . . . . . i i e e
BHEGI 2024 =04 - 15 . . . o .0

II

41
41
43
48
50
53

54
54
55
58
60
62

63
63
66
68
69
71



8.5 AMEAAMHIHIATREME . . . o

8.5.1 Casorati— Weierstrass ¥ . . . . . . ... ...
852 Picard FEHL . ...
8.6 WALMEL, ¥ AREFH, LFWILETS .
8.6.1 MAERREL . . . . .
8.6.2 FRETIM ... ..
8.63 LT AMISIAT B . o o
8.7 WREMBIB 2024 — 04— 19 . . . . . ...

FNE Week 9
9.1 ¥ REFHC EWARBMZImE . . ...
9.2 HEMIEEL, Rouché’sTheorem . . . . . . . .. .. .. .. ... ...
9.2.1 The Argument Principle . . . . . . . . . . . .. ... ..
9.22 Rouché’sTheorem . . .. ... .. ... ... ... ... ... ...,
9.3 HREMIM 2024 -04-22 . . ..

F+—F Week 11
11.1 Rouché’s Theorem HIFEREIES . . . . . . . . ... ... ... .. .. ...
11.2 Open Mapping Theorem && Maximum Modulus Principle . . . . . . .. .. ..
1120 FFMURER ..o
1122 BORBEIL ..o
11.3 Schwartz Lemima . . . . . . . . . o o ittt e e e e e
11.4 Exercise 2024-05-06 . . . . . . . . . . e

FT+TEF Week 12
120 SXEL
12.2 Conformal Mappings . . . . . . . v v v v i i it e it e e e e e e e

123 ERPHE I DRSS ...
12.4 Exercise 2024-05-13 . . . . . . . e

E+=F Week 13
13.1 Automorphismsof D, C, H . . ... ... ... ... ... ... ... ... ...
13.2 Automorphisms of D . . . . . . . . .. L
13.2.1 The Blaschke Factors . . . . . . . . . . . .. v,

III

85
85
87
87
89
90

92
92
93
93
93
94
95

96
96
97
98
99



13.2.2 Automorphismsof D . . . . . . . ... L 101

13.3 Automorphisms of C . . . . . . . . .. . 102
13.4 Exercise 2024-05-20 . . . . . . . . e e e 103
FE+MHE Week 14 104
14.1 Automorphismsof H . . . . . . . . .. .. . 104
14.1.1 Mobius Transforms / Fractional Linear Transforms (7 s0Z& P45 4#) . . . . . 104

14.1.2 Automorphismsof H . . . . . . . .. ... ... ... ... ... ... 106

Mi3% A L’Hospital’s Rule 107
AL FHIRRAR oo 107

vV



\ny

o {EIREUM: B4

o HEATE: H—9am - 1lam
o PRE: HEErk 210

* Email: mh.lin@xjtu.edu.cn

o DVPRRGERM: DR KT 20% + IR 80%



?—Ei Week 1

Aily

1.1 BEHEWISIA
I
MRS (Group, Ring, Field) B 5] N EHIRE 2.

Consider the set R?. Define two operations. Y(a, b), (c, d) € R?,

(a,b) + (c,d) =(a+c,b+d) (1.1)
(a,b) - (c,d) = (ac — bd, bc + ad) (1.2)
” -7 is commutative.
747, 7.7 satisfy associative and distributive laws.
(0, 0) : The additive identity (1.3)
(1,0) : The multiplicative identity (1.4)

= (R?, +, +) is a communicative ring.

Y(a, b) € R?, (a,b) # (0,0), if

(a,b)-(x,y)=(1,0) (1.5)
a —-b

= x = , y=
a? + b? Y a? + b?

(1.6)

Therefore, (R2, +, -) is a field, renoted as C.

BRHFE  AE LK C e S, MR L SR RIS - 1 X
N EBATIACEI T, T3 — N PR R s
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We may ask a question : Can we define a”:” and let (R, +, ) be a field?

However, the answer is certainly not!

a -b
Consider My = a,b € R} equipped with the usual matrix addition and multiplication.
b a

Define a map o.

o:R?— M, (1.7)
a -b

(a, b) —> (1.8)
b a

Then, o is bijective.

a -bllc -d ac—bd —(bc+ ad)
o(a,b)-o(c,d) = = = o((a, b) - (¢, d)) (1.9)
b alld c bc + ad ac — bd
= 0 is an isomorphism(|7] 4 B ET).

TR BHERIE AR 1 b A 4 X e e



1.2 SHIENMR

Some Facts

|Rez| < |z|, [Imz| < |z] (1.10)

zZ+Z zZ—Z
Imz = -
21

Rez = (1.11)

1 =A%
R 1.2.1 (Triangle Inequality). Let z, w € C. Then
|z + w| < |z| + [w] (1.12)

WEBA. Let z = a + bi, w = ¢ + di. Then

o J@a+c?+(b+d?< Va2 +b?+ Ve? + d? (1.13)

& ac+ bd < (a2 + b2)(c? + d2) = \(ac)? + (bd)? + a2d? + b2c? (1.14)

O

HEIP 1.2.1. If z,w € C, then
llz| = |wll < |z - w (1.15)

UERRA.

Izl =lz—w+ w| < |z- w|+ |w| (1.16)
lwl =lz-w-2 <|z—-w|+ |z (1.17)
= |z - w| > max{lz| - [wl. [w|-|zl} = ||z - |w]] (1.18)
O

2. Cauchy — Schwarz %55,

R 1.2.2 (Cauchy — Schwarz). Let z,,-++ ,z,, wy,--- ,wy € C. Then

2 n n
< [Z |zk|2) [Z |wk|2) (1.19)
k=1 k=1

n

I

k=1




JEBA. VAER, 9€R,

n

0< Z |zk - ﬂe“qwk| = Z (zi. — Ae°wr)(zZ — Ae”Pwy) (1.20)
k=1
- Z |z — Z(Re e lQZ zkwk]ﬂ + Z w2 (1.21)
k=1 k=1
=af® -2bA+c (1.22)
= b?> < ac (1.23)

Then

n

2 n n
[Re e Z zkwk) < (Z |zk|2) (Z |wk|2] (1.24)
k=1 k=1

k=1

Suppose z = Y,i_, zxwy = |z| €% € C, let 9 = . Then

Re e_i‘g Zn: Z Wy = i Z) Wy (125)
k=1 k=1
Z Zw (Z EX J(Z jwid ] (1.26)
k=1
O



1.3 REHIRE 2024 — 02 — 26
1. Let z;,2, € C, |z| <1, |2z| < 1. If |z; — 25| > 1, show that

|z + 2] < V3 (1.27)

WERR. CPAT DX f 2 105 AN S5 DU -7 J5 A1)

21— 2 = (21 - )@ - 2) = |21 + |2l - 212 - Z12 (1.28)
|z, + z,f* = (21 + 2)(21 + 2o) = lz1[> + |zol* + 212 + Z1 25 (1.29)
=
z1 — zf +z1 + 2> = 2(|z1 ] + |2[*) (1.30)
|21 + 2] = 2(1z1 ] + |z]*) — |21 — 2> < 3 (L.31)
O
2. Let zy,--- ,z,€C, and let ey, ey, - ,e,1 € C be the coefficients of (z+ 1)[](z+ z),
k=1
ie.
n+1
(z+1) ﬂ (z+2) = ) e (1.32)
=0

n+1

Show that Z (k + 1)exz""'"% = 0 has a root of modulus > 1.

Specifically, try to show n =1 case.

& (Let c € C, show z?> +2(1 + ¢)z+ 3c = 0 has a root of modulus > 1.)

JERA. I AFE 22 + 2(1 + ¢)z + 3¢ = 0 WMR I AT 702K (FHE LFEIF X c e CHY
BUE AT T 979).

(1) HTRRAFAEER 20 e R, THIFTLMER, FELE (1) @ ceRr.

zg +2(1+¢)zg+3c=0 (1.33)

= (22 + 3)c = -7z — 2z, (1.34)
-z — 22 . 3 0

:>C:220—+3€REZZ():E(IH:HTJ-—ZO—ZZO#:O%E) (135)



T ceR, 22+2(1+0)z+3c=0 NELRE—I0 KT

A=4(1+c)*-12c=4(c*-c+1)>0, YceR

z=-1—-c+ Vc2-c+1€R

NS c e R BIYE 4 20HE.
i) c>0, MEF—Rz=-1-c-Ve2-c+1<-1, |z > 1.
i). c<0, FEHP—I

z=-1-c—-Ve2-c+1

- (VE—cT1+0)

HFc<o, Fk1-c>o0.

Ve2—c+1= \/cz+(1—c)> \/c_:lcl
Ve2—c+1+c¢>0
z=-1-(Ve2-c+1+c¢)< -1

|z > 1

TRMNT YeeR, #H |zl > 1. NAFIE.

(1.36)
(1.37)

(1.38)
(1.39)

(1.40)
(1.41)
(1.42)
(1.43)

P b, R LRE AT, % e e R, BT RRAAT SR, EPRE SR,

NID]

(1) : HRAAETR © c e R © WRIENSR

(2) HITELEMR, BlceC

(1.44)



1.4 E#E C ERHRIMES & MR

Let a € C, open disc of radius r centered at a

Di(a) ={z€Cl|z-a|l <1} (1.45)

Di(a) ={zeC|O0O<|z—a|l<T} (1.46)
closed disc of radius r centered at a
Dy(a)={zeC]||z-a| <r} (1.47)
unit disc :

D = D;(0) (1.48)

Let QCc C

EX 14.1. a € Q is an interior point of Q if Ar> 0, s.t. D/(a) C Q.

7E. The set of all interior points of Q is called the interior of Q, denoted by Int(Q).

EX 1.4.2. Q is open if Q = Int(Q).

7. C is open. @ is open. (by convention)

E N 1.4.3. Q is closed if Q° := C\Q is open.

EIE 1.4.1. Every Cauchy sequence in C has a limit in C. That is, C is Complete.



1.5 REEHIE 2024 — 03 — 01

lim z, = w & lim Rez, = Rew, lim Imz, = Imw (1.49)

n—+co n—+0o n—+oo

JERR.
= : |Rez, — Rew| = |Re(z, — w)| < |z, — w|

< : |z, — w| £ |Re(z, — w)| + [Im(z, — w)| = |Rez,, — Rew| + |Imz,, — Imuw)|

2. z is a limit point of Q & z is an accumulation point of

JERR.
= : Yr>0, dN,, s.t.n> N, where z, € Q, z, # z.
z, € D(2), z, € Q, Yn> N,.
Hence z, € D}(z) NQ # @, Yr>0, n> N,, ie.
z is an accumulation point of £
& : Take a point z, from D7i(z) N Q which is not empty.
Then {z,} is a Cauchy sequence which converges to z.

Hence z is a limit point of Q.

7E. A limit point of Q may not belong to Q.

3. WA %] T3, T5, T7.



—E Week 2 — — Functions on C

Al
Jdiy

2.1 EERBAMRE

EX 2.1.1. Let Q C C be open. We say f : Q — C is continuous at z, € Q
if Ve>0,36> 0,s.t.

whenever |z— zy| < 6, z€ Q, then |f(z) — f(z)| < € 2.1)

To say it another way, Ye > 0,36 > 0,s.t. f(Ds(zo) N Q) C D.(f(zy))

7E. We say f is continuous on Q if f is continuous at every point of Q.

Here are some facts.

Fact 1. If f is continuous on Q, then so are f, |f]. % (if f(z) #0 for all z € Q).
WEBA. For [fl, use |If(2)l - [f(zo)ll < |f(2) — f(20)| o

Fact 2. f is continuous iff Ref and Imf are continuous.

Rl 2.1.1. Let Q C C and let f be continuous on Q. Then
(1) For every open set SCC, f71(S)={z€ Q| f(z) € S} is open.

(2) For every compact set K C C, f(K) is compact.

WEPA.

() If f7U(S) = @, true.
Assume f~1(S) # @ and let z, € f~1(S). Write wo = f(z,) € S.

10



Since S is open, de > 0,s.t. D.(wy) C S

Since f is continuous, taking e in the definition, we get a 6 > 0, s. .
Ds(20) € Q and f(Ds(20)) € De(f(20)) = De(wo) € S (2.2)

Thus Ds(zy) € f~1(S), and so f~1(S) is open.

(2) Let {Qj}jes be an open cover of f(K), i.e.

r&cl| o (2.3)
jed
Then
ke o= Jr'@e (2.4)
jed jed

By (1), f7'(Q,) is open for all j € J. Thus {f ' (Q;)}jes is an open cover of K.

Since K is compact, dji,::: ,j. € J,s.t.
el @y =1 o (2.5)
k=1 k=1
= f®cl o (2.6)
k=1
|
We say that f contains a maximum at zy € Q if

F@)| < f(z)l. Yz Q (2.7)

RR 2.1.2. A continuous function on a compact set Q is bounded and attains a maximum

and a minimum on Q.

HERR. use |f? = (Ref)? + (Imf)>. O

11



22 EBETERBAIMIR, EHRY
EX 2.2.1. Assume QCC, Q # @ and a € Acc(Q), f: Q — C, limegf(z) = w means

Ve>0,46>0,s.t. 0<|z—2| <6 = |f(z)—w|<e (2.8)

E. B DUEIE RRAAAE, AR PR ME—

TEX 2.2.2. Let Q C C be open, f : Q — C. We say f(z) is Complex differentiable at z, € Q

if }lil%w exists. If f is complex differentiableat z,, we denote the limit of the quotient
by f (zo). i.e.

f () = fim 22 B 2 0) 29)

f'(zo) is called the derivative of f at z,.

JE. If f is complex differentiable at every point of Q, then we say f is holomorphic on Q.

* f(2) = 1 is holomorphic on C\{0}.
* f(z) = z is not complex differentiable at any point of C.

e f(z) = |z is only complex differentiable at z = 0.

y J(zo + h) — f(2)
im

h—0 h

J(zo + h) = f(z0) — hf (20) _
h

=f(2) & EE% 0 (2.10)

o(h)

Let o(h) denote any complexed valued function with the property == — 0, as h —» 0

Then f is complex differentiable at z, iff da € C, s.t.

f(zo+ h) = f(z) — ha = o(h), where a = f (z) (2.11)

7E. According to equation(2.11), holomorphic = continuity.

12



Rk 2.2.1. If f. g are holomorphic on an open set Q C C, then

f+9) =f+4g. (fo) =fag+fg (2.12)

If g(zp) # 0, then é is complex differentiable at z, and

(J:) _fok (2.13)

g 2=2 g z=2zy

If f:Q— U and g: U — C are holomorphic, then the chain rule holds
(gof)(2)=g(Ff(2)f (2, VzeQ (2.14)

13



2.3 Cauchy — Riemann Equations

J(2) = f(x+iy) = ulx, y) + iv(x, y)

Assume lim
h—0

(let zy = xp + iyo)

J(zo+h)—f(z0)
h

e Jet h=teR,

, h) —
S (20) = tjgfrgeRf(Zo i r)l J(z) _ (X0, Yo) + i0x(X0, Yo)

ou ov
= — (X0, Yo) + i— (X0, Yo)
ox ox

* Let h=it,teR,

P = tim Tt S0

t—0, teR it

= vy(X0, Yo) — iy(Xo0, Yo)
v u

= — (X0, Yo) — i—(X0. Yo)
oy ay

Thus, we conclude f = u + iv is holomorphic = u, v satisfy

The equations(2.20) is called Cauthy — Riemann Equations.

fx+iy) = x> — y?> - 2xyi, x,y € R is not holomorphic on C\{0}.

14

exists, we may let h — 0 in whichever manner we please.

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)



24 4G

Let f = u+ iv: Q — C be holomorphic. Then

on Q (2.21)

N % H R %L holomorphic )78 432644

EIE 2.4.1. Let Q c Cbe open, f = u+ iv: Q — C. If u, v are differentiable on Q and satisfy

the Cauchy — Riemann equations, then f is holomorphic on Q.

JMERA. (Goal: Vzy = xo+iyo € Q, h=hy +ih, €C, zo+ h € Q, |h| small enough,
J(2z0 + h) — f(20) = ah + o(h))

Since u(x, y) is differentiable on €,

u(xo + hy, yo + hg) — u(xo, Yyo) = hy(xo, Yyo) + hatty(Xo, Yo) + o(hy, hy) (2.22)
Here o(h;, hy) is any expression with the property that i}% — 0, as (hy, hy) — 0.
Similarly,
V(X0 + hy, Yo + ha) — (X0, Yo) = M1 Ux(X0, Yo) + havy(Xo, Yo) + o(hu, hy) (2.23)
Then
Sf(zo + h) = f(z) = hhu, + hyuy + i(hyv, + hyvy) + o(hy, hy) (2.24)
= hyu, — hyv, + i(hyv, + houy) + o(hy, hy) (2.25)
= (U, + iv,)(hy + ihy) + o(hy, hy) (2.26)
Note that we may write o(h) instead of o(hy, hy), since
(h;,hy) > 0o h—>0¢<|h—>0 (2.27)
Then the previous expression is equal to f "(zo)h + o(h).
Since z, is arbitrary, f is holomorphic on Q. O

15



f = u+ iv can be seen as a mapping

F:R?> — R?

(6 y) = (ulx y). v(x y))

(2.28)
(2.29)

F is said to be differentiable at a point Py = (xo, Yo), if I a linear transformation J : R? — R2, s.t.

F(Py + H) - F(Py) = J(H) + |H| w(H), with |{¢w(H)| - 0 as |[H — 0

AEH

(2.30)

apel 2.4.1. If f is complex differentiable at z, = xo + iyo, then F is differentiable at (x, yo).

MUERA. Since f is complex differentiable at z, = X, + iyo, we have

f(zo + h) = f(z0) = f (zo)h + o(h)
= (u, + iv,)(hy + thy) + o(h)
= u.hy — vhy + i(vchy + uchy) + o(h)

= uchy + uyhy + i(vehy + vyhy) + o(h)

U Uy

Thus, F(Py + H) — F(Py) = J(H) + o(H), where J = [
Uy Uy

] and H = (hy, hy).

16

(2.31)
(2.32)
(2.33)

(2.34)



2.5 ETRBWHS

z=x+1ly, z=x—-1y & x=%2%, y=%2=

A given function f : Q — C can be expressed either in variables x, y or z, z. That is, for the given f,

we may write f(x, y) or f(z, z).

E. ATALE S I LTINS &R xOy M 20z, B C AR fEpALEE. TR B 2
WA x + iy Ja AT TSR S A AME, BRI TS X AL R AL, R A TR

N BB iR IE 5 3K

Suppose the relevant derivatives exist.

Y_Y x oy 1
0z Ox Jdz oJy o9z 2
oo x ¥y ]
dz ox dz Jdy Jdz 2

Define two operations.(Wirtinger operations, 1927)
d 1{0 .0
oz 2\dx oy

o 1{0 .0
—_— ==|— +1—
oz 2\ox oy

Rl 2.5.1. Cauchy — Riemann equations are equivalent to

J _

0]
oz

JERA. Let f = u + iv. Then

ol 1(0 a 1
_J_C:—l+il :—(ux+vx+i(uy+vy))=
oz 2 \ox oy 2

N~

8f_ Wy = Uy
oz

7¥. We note that f'(2) = w, + iv, = w, — iy, = 23_;_

17

(ux — vy +i(uy + vx))

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)



WERMEF / RERHEIEF  Define the Laplacian(or the Laplace operator).

o o

= _— 242
ox? " oy? (2.42)

7E. Ck(Q) denotes the set of all k times continuously differentiable functions on Q.

4 H YA R E ) E

TEX 2.5.1. Let Q c C be an open set. g : Q — C is called harmonic if g € C%(Q) and Ag = 0.

I T ) i L B T e A0 R R S PSR R P 22 R A (A ) A B SR AF)

Rl 2.5.2. Let f = u+iv : Q — C be holomorphic. Assume u, v € C%(Q2). Then u, v are

harmonic.

E. FE PR IEMAL T v e CH(Q).

U, =v
JERR. The Cauchy — Riemann equations tell !
U, = —Uy
9> 3
Sl (2.43)
ox?  oxdy
9> 92
gr__ 27 (2.44)
oy? dyox
Since v € C%(Q),
9> &
vp_2v (2.45)
oxdy  Jdyox
Therefore, w,, + uy, = 0. Similarly we can proof that v, + vy, = 0. O

A holomorphic function is necessarily harmonic, so is f.
ik 2.5.3. Let Q C C be aregion, f : Q — C. Then

f is consistant iff f'(z) = 0,Vz € Q.

18



HERA.
=: clear
<: Let f = u+ iv, then
f/(z):0:>ux+ivx:O:>uX=O,UX:O
C-R
= v,=0,u,=0
= u = ¢y, =c (by mean value theorem)

(X33, FHHEEE)

19

(2.46)
(2.47)
(2.48)
(2.49)



2.6 IREHIRE 2024 — 03 — 08

1. f(x+iy) = x> — y* + 2xyi is holomorphic.

2. Is f(z) = 2*z + 1 + 2 holomorphic on C\{0}?

z

3. Let f = u + iv be holomorphic on a region ). Assume au + bv + ¢ = 0 for some a, b,c € R

and a, b are not all zero. Show f is consistant.

4. Find a holomorphic function f on C s. t.

Ref =x*>—y* +xy, f(0)=0 (2.50)

5. Let Q = C\{0} and u : Q — R be given by u(x, y) = 3 In(x* + y?).

Is there a holomorphic function f : Q — C,s.t. Ref = u ?

fi#. Suppose f = u + iv is holomorphic on Q. Then

Ux = —Uy = T2

(2.51)
Oy = U = o
By v, = =i
y
v = arctan = + c(x) (2.52)
X
Then by v, = —ﬁ, c(x) = cis constant. = v = arctan ¥ + c.
However, arctan)—y( : R2 — (—m, r] is not continuous on Ry, = {x < 0 | x € R}.
(Let z = x + iy, then arctan ¢ is an argument of z.)
Therefore, there is no function satisfying the conditions.
7. If the region Q = C\{0} is replaced by Q = C\R.,, then the answer is yes.
]

6. RN —2%>) T8, T9, T10, T13.
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=5 Week 3

\npy
Juy

3.1 BRH, MITRY, EXHY

SEEA RS2, FPEASTREN - MH BRI E.

oo N
o WHE Y z, converges © H4rHI {Sy = 3 z,} converges.
n=0 n=0

* 3|z, converges = The series converges absolutely (44X S &%).
n=0

* Absolutely convergent = convergent

e If ) z, converges, then limz, = O.

n=0 n—reo

A power series (with center 0) is an expansion of the form )}’ a,z", where a,, € C are fixed and

n=0
z varies in C.C FHIBEHE T IBTERN 3 a.z" BFImZE)
n=0
NSRS S Eh] e € S ESIR SO o i =S
EIE 3.1.1. Given a power series i a,z", define
n=0
R = lim |an|‘% = ——— (Hardamard’s Formula) 3.1

n—oo ]jH]lCLJH
n—,oo

(Here we use the convertion = = 0, £ = c0.) Then

1
>0
(1) If |z] < R, the series converges absolutely.

(2) If |z| > R, the series diverges.

7E. The number R is called the radius of convergence of the power series,

and the region |z| < R is called the disc of convergence.
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N2 2 R OE N LR BT

* Exponential function

. N2

e '_Zgn!’zec (3.2)

* Trigonometric function

e . ZZn ) e . Z2n+1
cos z := ; (-1) @l sin z = ;) (-1 m 3.3)
o XHRIZ IETX
o ZZn ) & 22n+1

coshz = ;é; (2'1)! , sinh z := ;i; Eé;;i;—IST (3.4)

F. HENEGBS], e2=cosz+isinz= ¥ zR#EIFI R ENIA: €9 =cos9+isind.

e +ez | e? — e
coOsz=——, sinz= —— 3.5
2 2

XA E B T R B IR Y AT SRR T R AL

EIE 3.1.2. The power series f(z) = Y a,z" defines a holomorphic function in its disc of con-
n=0

o0
vergence. Moreover, f (z) = ), na,z"!, which has the same radius of convergence.
n=0

JUERA. Hadamard’s formula tells 3 a,z" and Y na,z""! have the same R.
n=0 n=0

Let g(z) = 3 na,z"', Vz with |zl < R, wecanfind r,s.t.|z| < r < R.
n=0
For Vh € Cs.t.|h| < r — |z|, we estimate

f(z+h) - f(z) - hg(2)| = | ) an ((z+ W) = 2" = nhz"") (3.6)
n=0
= [an n (;)hkzn—k] G.7)
n=2 k=2
00 n-2
<IhP Y lanl Y () [RF2 2| (3.8)
n=2 k=0

22



Since (kf:z) <n(n- 1)(”;2), then

[f(z+ h) - f(2) - hg(2)| < |l 2 || n(n = 1) k: () Il |27 (3.9)
= |h? i lanl n(n = 1) (2] + [A)"> (3.10)
< |hf i la,| n(n—1)r"2 =|h?*-c (3.11)
Thus
'f(“ h}i ~J(2) —g(z)' <In-c (3.12)
Therefore, the result follows. O

#E12 3.1.3. A power series is infinitely differentiable in its disc of convergence.

7E. Thm 3.1.2 BN 50 BH 1 2 BOE S0 3 52 9 e p

NG AR R R S L RIS E LR R RS .

A power series centered at z, € C is an expression of the form

f@) =) (z-z)" (3.13)
n=0

Let g(z) = ) a,z", then f(z) = g(w), where w = z — z,.
n=0

According to the Chain Rule(8:=0iEN)), f'(z) = i na,(z — zo)" !

n=0

I TP M R AR ) SE L
E X 3.1.1. A function f defined on an open set Q is said to be analytic at z, € C if there is a

(o)
power series ) a,(z — zo)™ with positive radius of convergence, s. t.
n=0

f(z) = Z a,(z — zo)" for all z in a neighbourhood of z, (3.14)
n=0

(i.e. Yz € D(z,), for some r > 0) (3.15)

If f is analytic at every point of Q, then we say f is analytic on Q.

23



2SR RTEER 2L e 1 — 285550 (fm ).
M|, 441 Cauchy Multiplication Theorem.

53¢ 3.1.4. If 3 a,,, 3. b, are absolutely convergent, then

2 [; akbn_k) = (> a) (D> ba)

n=0

el 3.1.1. For z;, 2z, € C, e®1+2) = %1 . g%,

#EL 3.1.5. If z= x + iy, x, y € R, then

e’ = e*(cosy + isiny)

HE1L 3.1.6. De Moire’s Formula.
For 9 e R,

(cos 9 + isin 9)" = cos n9 + isin n9

TR 5 NS H IS E XT8R2 (Complex Logarithm).
Yz € C\{0}, write z = re?. Then e%¥ = z can be solved.

Ifw=u+iv, u veR, then
et-e’=re = u=logr, v=9+2knkeZ
Let Log(z) be the set of above, then we get Complex Logarithm.
TE M 3.1.2. Vz € C\{0}. Define
Log(z) :=log|z| + i(arg z + 2km), k € Z

Here arg z is an argument of z satisfying —m < arg z < m.

(We call arg z the principal argument of z.)

24
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N HE AR EE S B

%E X 3.1.3. Define the principal branch of the logarithm on a “cut plane”

log : C\R.g — C (3.21)
z+— log|z|+iargz, —m<argz<m (3.22)
Log(—1) = 2k + 1)mi (3.23)
1
Log(i) = 2k + E)ni (3.24)
logi = gi (3.25)
log (1+1) = ~log2 + Zi (3.26)
i) =— —i .
£ 2 £ 4
el 3.1.2

e =z z#0 (3.27)
Log(z12z2) = Log(z1) + Log(zz) (3.28)
log z,z, # log z; + log z, in general (3.29)
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3.2 iREMER 2024 - 03 - 11
1. Let z # 0. Then dn different z,, - - - , z_;, S. .

z,=2 k=0,---,n-1 (3.30)

2. Letz = |z e, w=re’, r>0,teR. Then

| . r= |z
w'=z = e =|zleY = (3.31)
nt=9+2kn,keZz

2. Proof

—_| VxeR\{2kn | ke Z) (3.32)
Sll’li

3. A %] T16, T19
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3.3 EXHEIMER

Let a € C. We may define

28 =e%%%% 710 (3.33)

Rk 3.3.1. The function f(z) = log z, z € C\R, is holomorphic.

HUERA. Vz, € C\R<o, let w = log z, wy = log zy. Then

1 -1 - 1 1
lim 28#~-°8% _ . W~tWo _ = — (3.34)
z—2 Z— 2 w-wy e — eWo eto Zy
Therefore, (logz) = 1. m]
iR 3.3.2. Show
log(1+2)= Y (-1)"'= on D (3.35)
n=1 n
HUERR. Let f(z) = log(1 + z), g(z) = io] (—1)”%1. Both are holomorphic on D and
n=1
Fo=—— d@=Y = L (3.36)
1429 _n=1 142z '
And so (f — g) = 0 on D. Therefore, f — g = c. Taking z = 0, f(0) = g(0) = c = 0. O
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34 B
Segh g R (path) FE X.

E X 3.4.1. A continuous function z(t) = x(t) + iy(t) from [a, b] € R to C is called a path (or a
parametric curve) connecting z(a) and z(b).(z(a) is called the starting point, z(b) the end point)
The path is closed if z(a) = z(b).

(Dt=s
The path is simple if z(t) # z(s) unless

2Qt=a,s=b
N TH 25 H B S ST A

TE X 3.4.2. We say that a path z(t) = x(t)+iy(t), t € [a, b] is smooth if x(t), y(t) are continuously
differentiable and z (t) = x'(t) + iy (t) # O, t € [a, b]. Here z (a), z (b) are understood as one-sided

derivative.

I H A 2R TE RN A E XL

E X 3.4.3. Two paths z : [a,b] — C,Z : [c,d] — C are equivalent if 3 bijection and

differential

t:[c,d] — [a, b] (3.37)

s > t(s) (3.38)

s.t.z(s) = z(t(s)) and t (s) > O.

T4 B R E ) E XL
E X 3.4.4. Given a path z, we can define a path Z obtained from z by reversing the orietation

z(t) : [a,b] — C (3.39)

z(t)y=z(a+b-1t):[a,b] — C (3.40)
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X BRIA T E — T IE K I IE 8 / 3B (I £y I ).

E X 3.4.5. A path has positive orientation if it travels counterclockwisely.

(--- negative orientation - - - clockwisely.)

N HEHEAE T ERSRETR I E X

E X 3.4.6. A path z(t) : [a, b] — C is piecewise smooth if 3 a partiona = ap < a; < -+ <

a, = b, s.t. z(t) is smooth in each [a, aj1], k=0,--- ,n— 1.

IS THI 5 I R SR 2 ) i R
Paths can be concatenated. If z : [a,b] — C, z : [b,c] — C and z(b) = z(b), we can define

z(t),a<t<bh _ —
w: [a,c] — Cas w(t) = . Concatenation of z, z is denoted as z o z.

zZ(t)h,b<t<c

NTHI% H zig-zag BRI E X.

E X 3.4.7. A path is zig-zag if it consists of finitely many horizontal or vertical line seqments.

I T PR R 5 B Xk A AR PR AT FR 5 zig-zag TE TR,

fl 3.4.1. Let Q C C be a region. Then any two points in Q can be joined by a zig-zag path.

WERA.

e Case when Q = Dg(zy), where z, € C, R > 0.

Va, 8 € Q, we can join them to the horiziontal diameter via a vertical line seqment.

* Now let Q be an arbitrary region. Ya € Q. Let
A ={Be€ Q|3 zig - zag path y connecting S and a} (3.41)

Then S aec A+ o BEFH XA, M A = Q.
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3.5 iREHIRR 2024 — 03 - 15

. Calculate 21, i'.
. Find all possible values of (1 + \@i)é.

. Letz, € C,Rez, > 0, n = 1,2,---. If Y z, and ) z> both converge, show that }, |z,

n=1 n=1 n=1
converges.

. Let f(z) = 2, a,z" be holomorphic on D. Assume |f(z)| < 1, Vz € D. Show |a,| < 1,
n=1
n=12,---.
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UE  Week 4

\npy
Juy

4.1 Hmizkfd

Mo Hmsess B AR B 1 E S

EX 4.1.1. Let z(t) = x(t) + iy(t), t € [a, b] € R. If x(t), y(t) are differentiable, we define

Z(t) = x (t) + iy (b).

Similarly, if x(t), y(t) are continuous, we define

b b b
fz(t)dt:f x(t)dt+if y(t)dt

HHUEM, REIE LRI AR RAT = A AT

Rk 4.1.1. Let f : [a, b] — C be continuous. Then

b b
ff(t)dt Sf f(o)ldt

UERA. Write fabf(t)dt =re”, r > 0. Then

b b
r=e?¥ f ftdt = f e Yf(t)dt =
b
sf |Re e “F(0)| at

b b
sf |e—i9f(t)|dt:f [F(o)l dt

b
f Re e Pf(t)dt

31
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BAZRFRSy T iH4s = H0H I SiE ik i1 B2 fR 43 1) 5E L

EX 4.1.2. Let Q c C be open. Given a smooth path y in Q parametrized by z : [a, b] — Q

and a continuous funciton f : Q — C. We define the integral of f along y by

b
j)&wz:jiﬂdmimm
b a

Let z(t) : [c, d] — Q be equivalent to z(t). Then

b d
j"ﬂdonﬂxu=jﬁﬂaoﬁth

N4 S B A A 26 AR 0 S IR AR R IR E XL

(4.6)

4.7)

E X 4.1.3. If y is piecewise smooth and z(t) is a piecewise smooth parametrization as before,

we define

[s@az=3, [ sew o
Y

le=0 ¥ Ak

The length of the smooth curve y is

b
length(y) = f |z’(t)|dt

If f=u+iv, z(t) = x(t) + iy(t), then
b b
fﬁ@w=fdumﬁmM=Jﬂm+m@w+y@Mt
Y a a
b b
= f (ux (t) — vy (B))dt + i f (vx (t) + uy (t))dt

:f(udx—vdy)+if(vdx+udy)
Y Y

T4 I Z RV I LA
Rl 4.1.2. 1c vy~ Ny B AL
(D) [f(dz=~ [ _f(z)dz.

(2) If f(2), g(z) are continuous, and y is a path, then Ya, 8 € C,

f(af+ﬂg)dz= affd2+ﬁfgdz

Y Y Y

ff(Z)dz
Y

3)

< sup|f(z)| - length(y)
Y
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[ReR#  FFRAI4E IR ek 3
EX 4.1.4. If f : Q — C. Assume I a complex differentiable F : Q — C, s. t.
F(z) = f(z). for every z € Q (4.15)

Then we say f admits a primitival (or an antiderivative) on Q.

I ) A B R RO TR R L, WA R S U6 R K, TS AR TE K.

#Rl 4.1.3. If f is a continuous function that admits a primitive F on €, and y is a path in Q that

begins at w; and ends at w,, then

ff(Z)dZ = F(w,) — F(w) (4.16)
Y

MUERA. Let z(t) : [a, b] — Q be a parametrization for y with z(a) = w;, z(b) = ws,.

e Assume y is smooth. Compute

b b b
f f(z)dz = f f(z(t)Z (Hdt = f F'(z(t)Z (t)dt = f dF(dzt(t))dt (4.17)
Y a a a

According to the fundamental theorem of calculus, we get

(73 IR S FRT i 1838 AR 7 S A 5 B

b b
f f(z)dz = f F (z(t))Z (t)dt = f dF(zt(t))dt (4.18)
Y a a

d
= F(z(b)) - F(z(a)) = F(w,) — F(w) (4.19)

* yis piecewise smooth, we can proof similarly.

O
MRl 4.1.3, W15 204 J5 e H ) ek E f 7R R EAR 3 4 0.
HEIL 4.1.1. If y is a closed path in Q, f is continuous and admits a primitive on Q, then
ff(z)dz =0 (4.20)
Y
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ENf, B 4.1.3, WAERIXE Q FSEUE Y 0 844l ek £ R B8N 8 R AT

#Ei2 4.1.2. If f is holomorphic on a region Q and f = 0, then f is constant.

2 AT R R AR TR AR A
EIE 4.1.3. Let Q C C be aregion. f : Q — C be a continuous function. Then the following

statements are equivalent:
(1) f admits a primitive on €.
(2) Ya,B € C, fy f(2)dz is invariant for any path y in Q that joins a to .

(3) Ya,BeC, fy f(2)dz is invariant for any zig-zag path y in Q that joins a to 8.

. AT ETE 5.2.5 AR — % B A H R B R E 44 F. (FE L Thm 5.2.5 (4) )

JEBA. (1) = (2) and (2) = (3) are clear.

(3) = (1): Fix a € Q and define F : Q — C by
F) = [ @)z 2=+ o € 0 @421)
v
where y is any zig-zag path joining a to z,.

(F is Well-defined : Condition (3) tells F(zy) is independent of the choice of y.)

Let F(z) = U + iV, f(z) = u + iv. It suffices to show

U(X0.Yo) = u(xo,Yo) » Vi(xo0.Yo) = 0(x0, Yo)

(4.22)
Uy(X0.Yo) = —V(X0.Yo) . Vy(Xo. Yo) = W(Xo. Yo)
* Ux(X0, Yo) = W(xo, Yo) . Vx(Xo. Yo) = (X0, Yo)
Let h € R. Let y be a zig-zag path joining a to z,
VH:ZH(t):Zo‘Fth,OStS 1. YHCQ Then
F(zy + h) :f f(z)dz = ff(z)dz+ f f(z)dz (4.23)
YovH y Vi
= F(zy) + f f(z)dz (4.24)
YH
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Then we get

1
Fzo+ hf)l — ) _ f Flzo + thydt (4.25)
0
Since f is continuous,
1
lim JZot N = FZ0) f (20 + th)dt (4.26)
g nog Jo
= f(z) (4.27)
= u(xp, Yo) + (xo, Yo) (4.28)

® Uy(XO’ Yo) = —0(Xo0, Yo) - ‘/y(XO’ Yo) = u(Xo, Yo)

Similarly.
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42 REHFIF 2024 - 03 - 18
. Let f(x + iy) = x. Consider two paths y;, y, joining O to 1.

z(t)=t 0<t<1

t+2ti, 0<t<
Zy(t) =
t+2(1-1t)i, s <t<1

Evaluate

f J(2)dz, f f(2)dz
Y1 Y2
<l _1-d

T2 2)

. Letf(z) = 1,z€ C\{0}. Lety : z(t) = Re", R> 0,0 < t < 2m.

Evaluate

ff(Z)dZ (= 2mi)
Y

. Let f(z) = 2° and let o be any path joining 1 to 2 + i. Evaluate

f f(z)dz
Y

. WA —FYR] T26.
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4.3 Cauchy's Theorem

X FATRA 4H— A Z ) € H——Cauchy’s Theorem.

BIERE  RESEg g BTS2 R ERANSMNER I E X

EIE 4.3.1. Jordan Curve Therom.

Let y be a simple closed curve on C. Then C\y has two connected components. The bounded com-

ponent is called the interior of y and the unbounded component is called the exterior of y.

If the simple closed path vy is positively oriented, then Interior(y) is to the left while traversing y.

WEBA. B DL FitPage 351 |

Mg B ER A E X

E X 4.3.1. Aregion Q c Cis simply connected if for every closed path y C Q, Interior(y) C Q.

NS LA I s A / AR IE AR T
* C, D/(zy), r> 0, zg € C are simply connected.
* C\{0}, D;(zp) are not simply connected.

* C\Ro 1s simply connected.

URE A {Complex Analysis) — Elias M. Stein
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Cauchy’s Theorem /43 Cauchy’s Theorem.

EIE 4.3.2. Let Q c C be simply connected, f : Q —> C be holomorphic. Then for any closed
path y,

f f(z)dz =0 (4.35)
Y

. M Q OB ARG, g R .
Let Q = C\{0}, f(2) = . Then f is holomorphic on Q and (C;(0) 7~ HA07 5 J&] )

f(2)dz=2mi +0 (4.36)

C1(0)

UEBA. The result would follow if  has a primitive on Q.
By Thm 4.1.3, thus it suffices to show that for any two zig-zag paths y,, y» having the same starting

points and ending points,

ff(z)dz:ff(z)dz (4.37)

Y1 Y2

ie. f(z)dz=0 (4.38)
yioy,?

Equivalently, we have to show fy f(z)dz = 0O for any closed zig-zag path y.

By concatecnating some horizontal or vertical paths, any closed zig-zag path is the union of rectangle
paths.

Thus we are done if we can show fR f(z)dz = 0, where R is a rectangle path.

Note that

ff(z)dzsz(z)dz+ff(z)dz (4.39)
R Ty Tz

Then the theorem boils down to showing fT f(z)dz = O for any triangle path T in Q.

(This is Coursat Theorem on P34.)
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N5 1 Cauchy’s Theorem /)5 —FEUL, XEHAXT fAYE XS Q MEEBREX.

EIR 4.3.3. Let y be a simple closed path. If f is holomorphic in Interior(y) and continuous on

vy, then

ff(z)dz =0 (4.40)
v
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4.4 REHIE 2024 — 03 — 22

1. A —®Z52] T25.

2. R =455 TS, Te.

40



A& Week 5

\niy
JdUy
N

51 HBRTHRIE
EiE NTRERE, AT E 7 2 iC/E EE (contour). FHERIAH A IE ).

E X 5.1.1. A simple closed path is called a contour. If nothing is specified, we’ll assume the

contour is positively oriented.

AR ERIRE  FNHRN AR TR IRIE.(SLFr L AT #E A Cauchy’s Theorem [ L)

ZEIE 5.1.1. Principle of contour deformation.
Let Q c C be open, f : Q — C be holomorphic. Let y; be a contour in 2, y, be another contour in
Q N Interior(y;). If Interior(y,) N Exterior(y,) C Q, then

f(2dz = | f(z)dz (3.1

Y1 Y2

7. &AM Interior(y,) N Exterior(y,) € QARIUE [y, 55 yo Z 8] B B X SBAAEAE ST (7 1%),
MIMAEIX Fr X35 Cauchy’s Theorem /& & ZE X1,

¥ 5.1: Principle of contour deformation
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ERA.

ff(Z)dz—ff(Z)dz=ff(Z)dZ+ff(Z)dz (5.2)
Y1 Y2 Y1 123
:ff(z)dz+ff(z)dz:O+0:O (5.3)
251 Ha
O

NTHIZA 1 Thm 5.1.1 f—F# Special Case. (Interior(y,) A — sALE Q H)

HEIL 5.1.2. Let Q c C be open, f : Q — C be holomorphic. Let y be a contour in Q and
da € Interior(y), s.t. Interior(y)\{a} C C. Then

ff(z)dz = f(2)dz, where C.(a) C Interior(y) (5.4)
y Cr(a)

T2 H B — AR IR (Interior(y) A A RAS BATE Q )

HEIL 5.1.3. Let Q c C be open, f : Q — C be holomorphic and y is a contour in Q. If

a,- - ,ay € Interior(y), such Interior(y)\{a,, - -- , a,} C Q, then
f f@ydz =) f(z)dz (5.5)
Y k=1 Crk(ak)

where C,, (a) are disjoint “small” circles.

5.2: Principle of contour deformation (Special Case)

WERR. Rk

ff(z)dz + i f(z)dz = i f(z)dz = i 0=0 (5.6)
14 k=1 v Pk k=1

k=1 v Cr.(ax)
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5.2 Cauchy Integral Formulas

BT RBAINH 7 — A E IR AR 4 9B 7 B 221 A \——Cauchy Integral Formulas.

Cauchy Integral Formulas 55545 Hi— i .

Aﬂﬁ

apll 5.2.1. Let Q c C be open, f : Q — C be holomorphic, y be a contour in . Assume

da € Interior(y), s.t.
Interior(y)\{a} c Q and lim(z- a)f(z) =0

Then

ff(Z)dz=0
14

HEBA. Ve > 0,36 > 0, s.t.
z—al< 6 = |[(z-a)f(z)|<e
By the principle of contour deformation (Thm 5.1.1),
ff(z)dz = f(z)dz, where 0 <r<é
Y Cr(a)
Then

< sup |f(2)| - length(y) = sup |f(2)|-2nr

zeCr(a) zeCr(a)

f Sf(z)dz
Y

€
< —-2mr = 2me
r
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NTHI%5 1 Cauchy Integral Formulas.

EIE 5.2.1. CIF.
Let QQ c C be open, f : Q& — C be holomorphic. Then for any z, € Q,

sz = o [ Hag
vy $— 20

where y is any contour in Q s. t. zy € Interior(y) C Q.

UEAA. Let

J (Z) —J(20)

9(2) =
Then g(z) is holomorphic on Q\{z,}. Clearly
lim (z — 20)g(z) = 0, Interior(y)\{zo} C Q\{zo}

By Prop 5.2.1,

[owar=0 = [ID gy [T,
yz_ZO

Therefore

Jz) dz:fwdz=f(20)f;dz=f(20)f
vyZ2— 2o vyZ~ 2o vyZ2— 20 Cr(20)

= 2mi - f(2o)

Therefore, according to Cauchy Integral Formulas, we get

1 (fQ
f(z)_2i vy$—2

dag

Z— Zy

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

where f is holomorphic on an open set containing the contour y and its interior, z € Interior(y).
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=i Cauchy Integral Formulas %5 tH S Cauchy Integral Formulas.

EIE 5.2.2. Let Q c C be open, f : Q — C be holomorphic. Then f is complex differentiable

to all orders and moreover, Yz € QQ

J(©)

() —
f(2) = , (- z)n+1

=) g7 n=0,1,2,- (5.20)

where y is any contour in Q s. t. z € Interior(y) C Q.

Cauchy’s Inequalities {FARIFFRS AR (CIF) R, TS 2] Cauchy’s Inequalities.

#E1£ 5.2.3. Cauchy’s Inequalities.

If f is holomorphic on an open set Q with Dr(zy) C Q, R > 0, then

F™(z0)| < ”f”CR(Z‘”, where ||fllcgz = sup |f(2)] (5.21)

zeCgr(zp)

Liouville’s therom %25 H CIF 1% — 2B EHEW. fEHL 277, Je4h HEER Y (entire) 1€
X

E X 5.2.1. A holomorphic function defined on the whole C is called an entire function.

T4 X 4R ETE (Liouville’s theorem) [f) P4 2.
#Ei$ 5.2.4. Liouville’s theorem.

If f is entire and bounded, then f is constant.

UERA. Vz € C, by Cauchy’s Inequalities (Cor 5.2.3)
Hf llc
Lf( )| < — < , where |f| <M (5.22)

Letting R — oo, we get f (z) = 0, ¥z € C = f is constant. o
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BAFERHHFTESMT MHAEH 4.1.3 (R, BN R G E ek B se AT

EI 5.2.5. Let Q c C be aregion, f : Q — C be continuous. Then TFAE

(the followings are equivalent):
(1) f admits a primitive on €.
2) Ya,Be Q, fy f(2)dz is invariant for any path.
(3) Ya,Be Q, fy f(z)dz is invariant for any zig-zag path.

4) fyf(z)dz = 0 for any closed path y C Q.

HERA. (4) = (2): Fix a, 8 € Q, V two paths y;, y» C Q joining a to B, by (4)

ff(z)dz - ff(z)dz = f(z)dz = 0, where y, oy, is a closed path in Q
Y1 Y2 Y19Vy

Therefore

ff(Z)dZ=ff(Z)dz, Yy, ve CQ

Y1 Y2

(5.23)

(5.24)

Morera’s Theorem £ | EAEEEFREZM 25 (Thm 5.2.5), FHFRATA] LG4 40 6% %

AT EZ|H, RN Morera’s Theorem [T .

Rl 5.2.2. Let Q c C be simply connected, f : Q — C be continuous. Then TFAE
(1) f is holomorphic on Q.

2) fy f(z)dz = 0O for any closed path y C Q.

. T (2) = (1) HI#B4r BN Morera’s Theorem.

HUERA. (1) = (2): is by Cauchy’s Theorem (Thm 4.3.2).

(2) = (1): By Thm 5.2.5, f admits a primitive F on Q, i.e. F = f, then F is holomorphic on Q.

By CIF (Thm 5.2.2), F is infinitely complex differentiable.

In particular, F is twice complex differentiable. = F~ = f = f is holomorphic on Q.
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H AR 5.2.27] B #2453 20 a1 N HEw.

#E1£ 5.2.6. Every holomorphic function on a simply connected region admits a primitive.

TEF| H 43R 5.2.2 (Morera’s Thereom) H| %€ BR Ei 260, EyFEELMGF Q) HiEE v W{EE
MR A N .

Suppose fc © f(z)dz = 0 for all 0 < r < 1, can we conclude f is holomorphic on D?

fi#. The answer is absolutely No. Take f(z) = |z[*>. Then f f(z)dz=0,Y0 < r< 1.

Cr(0)

Since
2 e
f(2)=lz" =2z, % =z#0, Yze C\{0} (5.25)
Therefore, f is not holomorphic on D.
E. F b, OB y PR SO, £ AR B EIE, S BT, AR fyf(z)dz #0.

O
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53 iREHIRR 2024 — 03 - 25

1. Evaluate

f 2z-1,, (5.26)
Y

72—z

where y is any contour s. t. Dc Interior(y).

fi#. By Cor 5.1.3,(HIBS LR IRIE)

ff(z)dz = J(z)dz + J(z)dz (5.27)
Y C%(O)

C1(1)
3

1 1 1 1
- [ e [ (5.28)
C%(O) z—1 z C%(l) z—1 VA

Since Zfll is holomorphic on Interior( C% (0)) = D% (0), where D% (0) is simply connected, then

by Cauchy’s Theorem,

1 1 1
f ( + —)dz = —dz (5.29)
C%(O) z—1

z cy0) Z
3

Similarly, since % is holomorphic on Dé(l), then

1 1 1
f ( +—)dz = dz (5.30)
C%(l) z—1 VA c%(l)z—l
Therefore
1 1 1 1
ff(z)dz = f ( + —)dz + f ( + —)dz (5.31)
v C%(O) z—1 z C%(l) z—-1 2z
1 1
= f —dz + f dz (5.32)
c 0 Z IR 1
=2mi+ 2mi (5.33)
=4 (5.34)
O
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2. Evaluate

2

f ¢ dz (= 2mif(zy) = 2mie?)
Cs

(0)2—2

2

eZ
dz (=0)
Ll(m z-2

3. Evaluate
f sin z
C»(0) Z2 +1
fi#.
sin z sin z 1
> dz = - - -dz +
cy0) Z° + 1 copzt+i z—1i Cil
2 2
. sini . sin(—1i)
=2mi-—— +2mi - -
21 —-2i
=2msini
4. Evaluate

VA

f dz
cs0) (2= 1)(z - 2)?

f#. By Thm 5.2.2 (5 Cauchy Integral Formulas),

z z
dz = f . dz
\[(;3(0) (z—1)(z-2) cy( (z-2)2 z-1

z)'
1

5. WA 5450 Te.

1

=2mi + 2m’(

=0

Z —

49

z=2

‘J

sin z 1
- -dz
pz—1 z+i
Z 1

1(2)2—1 ‘(2—2)2
3

(5.35)

(5.36)

(5.37)

(5.38)

(5.39)

(5.40)

(5.41)

(5.42)

(5.43)

(5.44)



5.4 Sequence of functions

Ba X WEAIRA G R E R E s B A B AN ot S [0 Bt pR Z 5B 2 X

E M 5.4.1. Let Q c C be open, {f;, : Q@ — C}_, be a sequence of function.
We say {f}n=1 converges if Vz € Q, {f,(2)}_, converges.

We say {f.},._, converges uniformly if Ve > 0,dN € N, s. t.

mn>N = |f.(2)-fi(2)<e YzeQ

We say {f,} _, uniformly converges to f if Ve > 0,dN € N, s. t.

n>N = |fi(z2)—f(2)<e Yzel

g A S E A — S ST

{fn(z) = z"}>_, on D is convergent but not uniformly convergent. However, the sequence

n=1

is uniformly convergent on any compact subset on D.

—HUTS Mg ek B ET, RIER S SRR AT R HBOR .

EIE 5.4.1. Let Q C C be open, {f, : Q — CJ}*_, be a sequence of continuous functions that

converges uniformly to f on every compact subset of Q2. Then

(1) f is continuous.

(2) If y € Qs a path with finite length, then

lim ffn(z)dz:ff(z)dz (5.45)
e Jy v

(3) If f, is holomorphic for all n, then so is f. Moreover,

{f,}, converges uniformly to f on every compact subset of Q.

E. PR () BITEET 73T — Sl S 2y, RS A azioRF, B

lim ffn(z)dz:flimfn(z)dz:ff(z)dz (5.46)
e dy y e Y
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HERA.
(1) : Fixz, € Q,Ye>0

Since {f,},_, converges uniformly to f, there exists N € N, s. t.

lf(z) = fu(z)l < e, VN> N,Vz € Q

(5.47)
Since fy is continuous at zy, there exist § > O, s. t.
[fn(2) — fa(20)| < €. Yz € Ds(20) (5.48)
Therefore
If (2) = f(20)| < If(2) — fv(2)] + |fn(2) — fn(20)| + fn(20) — f(20)] (5.49)
< 3¢, Yz € Ds(z) (5.50)
(2) : Fix € > 0. For any path y with finite length, y C Q is a compact subset of Q.
Let L = length(y). Since {f,},._, converges uniformly on compact subset y, AN € N, s. t.
() - f(2)] < E Vzey¥n> N (5.51)
Hence, for all n > N,
fy fu(z)dz - fv f(z)dz| < j; fu(2) - ()] < E L=e Yn>N (5.52)
Therefore
tim [ @z = [ sz [ lim faz (5.53)
14 Y Y
(3) : N EIER. (W R 451P54 Thm 5.3)
* f is holomorphic.
Va e Q,dr> 0,s.t. D.(a) C Q. Let y be any closed path in D,(a).
Since f, is holomorphic on D,(a), by Cauchy’s Theorem (Thm 4.3.2),
ffn(z)dz =0 (5.54)
Y
By (2) proofed previously,
[s@az= tim [ fmaz=o (5.55)
Y Y

URE A4 {Complex Analysis) — Elias M. Stein
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By Morera’s Theorem (Prop 5.2.2), f is holomorphic on D,(a).

In particular, f is complex differentiable at a. Since a is arbitrary, f is holomorphic on Q.

{f,}, converges uniformly to f* on every compact subset of Q.

Vzo € Q, Ar > 0, s.t. D,(z) C Q.

Since f, — f converges uniformly on C,(z), we have Yz € D (z)

MO S
C-27 -2

i.e. Ye>0,dN € N, s. t.

Ja(9) S

((-22 ((-27

uniformly on C.(zp)

< E, VYn> N,V € C.(z)
r

Therefore

SR UACONNN(Y)
(@) - @] = |5 f( (@ -2 (- Z>2) dg'

1 e .
< — =27
2mi r

=€ Yn> N,¥z € D:(z)

It tells fr; — f" uniformly on D: (o).

For any compact subset K C €, consider the open covering {D% r (%) C Qlek.

There exists a finite subcovering K C {Dj,(x;) C Q}} .

We can proof f, — f  uniformly on K.
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(5.56)

(5.57)

(5.58)

(5.59)

(5.60)



1. Evaluate

55 REHIER 2024 — 03 — 29

VA

dz
f03(0) (z—-1)(z-2)?

LS(O) (z -

1

z dz:f z dz
1)(z—2)? clo(2—2)? z-1
3

z)’
1

= 2ni+2m’(

=0

Z —

33

z=2

J

Z 1

. ~dz
2z-1 (z-2)
3

(5.61)

(5.62)

(5.63)

(5.64)
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6.1 iREHIER 2024 — 04 — 01
A IR (18- T B R R

1. WRARZE “ %%k >] T1,T2, T3, T4.
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6.2 RIINRE, SLEERBIEN
BIBR 54 A0S S L BRSO PEIR 2 T, SEUB T B HOUROMERR (Thm 5.4.1).

EIE 6.2.1. —HUE = TR SMPRAIATHURFF.
Let Q c Cbe open, {f, : Q — C}>_, be a sequence of continuous functions that converges uniformly

to f on every compact subset of Q. Then

(1) f is continuous.

(2) If y c Qs a path with finite length, then

lim ffn(z)dz:ff(z)dz (6.1)
e Jy v

(3) If f, is holomorphic for all n, then so is f. Moreover,

{f,}, converges uniformly to f on every compact subset of Q.

E. e FHSLE, F50 Q) e, BIERED (L, e LIRS AER, A

) converges uniformly to £ on every compact subset of Q.

o ERESARRHYE BRI AR R DO, RISEAR s B AN 2 e B (3). T
2 E5E (3) ARSI T 1 1.

Let fi(x) = [x% + ,—11 x € [-1, 1]. Then {f,};,_, converges uniformly to f(x) = |x|.
Though f,, n = 1,2,--. are differentiable over [—1, 1], the limit function f(x) = |x| is not

differentiable at x = 0.

JUERR. VEWEF 5.4.19FHH. |
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PREIGIER A T4 R OB S E X

E M 6.2.1. Let Q c C be open, {f;, : Q@ — C}>, be a sequence of functions.

oo N
We say }: f, converges if {Sy = } f,}5_, converges.
n=1 - n=1

) N
We say ). f, converges uniformly if {Sy = > f,}y_, converges uniformly).

n=1 n=1

I T HE A W R BRI R R — BOSSME I & 7V (Weierstrass M-test).

o RR 6.2.1. Weierstrass M-test.
Iflf,(2)<M,,n=1,2,--- ,Yze Q, and Z M,, < oo, then an converges uniformly.

n=1

JERA. Let Sy = an, VN e N. Since ZM < oo, then

n=1
Ve > 0,3NeN,s.t.n> m>N
S0 = Sul = U@ + -+ fun (@ < ) My<e, YzeQ (6.2)
Jj=m+1
Therefore, {S,};_, converges uniformly. = {f,}_, converges uniformly. O

TS 2a4FN T HiEY 24 R B0 FTRERED.
(ZEESEE 3128EWRAT, B o £4h)

I 6.2.2. Suppose f is holomorphic on an open set Q c C. Then Yz, € Q with D.(z,) c Q for

some r > O, f has a power series expansion at z.
f(2)=) anz - 2)", Vz € Di(z) (6.3)
where a,, = (ZO) ¥Yn> 0.

UERA. Fix z € D,(z). By CIF (Thm 5.2.1),

foy=g [ L

dq (6.4)
21 Jeyz) $— 2
Then
1 1 1 1
o (6.5
(-z (-2-(z-2) (-2 1-22



Since z € D,(z) is fixed, and Y € C,(z), there exists 0 < r < 1, s.t.
zZ— 2
{—2

<r

Therefore,

al z—zon 1
Z = 5 N = . V(e Clz)

n=0 Z ~ % {-2zp
converges uniformly w.r.t. (with respect to , <) € C.(z). i.e.
[z — Zo " 1
= , Y € C.(z
M) - e

n=0 0

Let

N n
(@ = Z(f@)- — (;_:) )

n=0

N Z— 7 n
=@ 7= ZOZ(Z_Z‘;),zecr(ZO)

n=0

Then we have

1
gv = f(O- p
g 7 1- =
converges uniformly w.r.t. { € C,(zy). Therefore, by Thm 6.2.1,
1 J(© 1 .
= —_— d = — 1 d
J(2)=5— o -7 (=5 o N gn(9dg

1
lim — d
Jim o fc » gn(9)dg

Zy

Ms

= i an(z — z)"

n=0

By CIF (Thm 5.2.2), we have

_ 1 S _JO e F™(20)

,¥n>0
" 2mi Crzo) (= zo)™*! n!

1imif (f@)' : ZN:(Z_
N—oo 2T Cr(z0) Z_ZOHO Z_

7 —
lergr(}oz 2mi f; (20 (f(Z) (-2 (Z -

1 1@ .
(anfc%) € - 2oy Z)(Z %)

Zo

2y
Zo

)
))s

(6.6)

6.7)

(6.8)

(6.9

(6.10)

(6.11)

(6.12)

(6.13)

(6.14)

(6.15)

(6.16)

(6.17)

(6.18)

(6.19)

E. FHs b, e MR T CIF &M (Thm 5.2.2) 15 —FHER (BB RET15).
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6.3 FEATIEYR

ENX  FIHLY HEATESR (Analytic continuation) 115 X.

E X 6.3.1. Suppose f and F are holomorphic in nonempty regions Q and Q respectively with

Q c Q. If f(2) = F(z) in Q, then we say F is an analytic continuation of f in Q.

FRAMEFRAOME—E  AEWIIXZAT, Seg i — MR si e B AR R EE NS5,

EI 6.3.1. Suppose f is holomorphic in a region € that vanishes on a sequence of distinct points

with a limit in Q. Then f(z) = 0 for all z € Q.
EZEEUI T, AMENFR AR FESIAMILE (AAE D).

MERR. JXiIEi%. Suppose {wyly, € Q with %im we=2€Qand f(w)=0,k=1,2,---.
Since f is holomorphic in Q, Vz € D,(z,)

f(z) = Z a,(z — zy)", for some r> 0 (6.20)

n=0
I sl anin
e We first show f(z) = 0 on D,(z).

Assume f(z) # O for z € D,(z), then 3 smalledt integer m s. t. a,, # 0. Now

(o)

J(2) = am(z = 29)"(1 + g(2)). where g(z) = Z an(z — z0)" " (6.21)

n=m+1

Since g(z) — 0 as z — zy, Ve < 1, there exists § > O, s. t.
lg(z)| < e < 1, Yz € Dy(z) (6.22)
Since wy — zp € Q, ko € N, s. t. wy, € D;(2z,). Then
F(Wiy) = an(z = 20)"(1 + g(wy,)) # O (6.23)

which is a contradiction with that f(wy,) = O.

e Then we shall show f = 0 on Q.
Let U be the interior of {z € Q | f(z) = 0}. Since f(z) = 0,Vz € D,(zy), U # @ and U is open.
Moreover, I HIFATUER U is closed.
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— Forall {z}*_, ¢ U with z, —» p e Q. 55— GIEHAHE, wLAEE

which means that U is closed.

Therefore, U C Q is both open and closed. Since U # @ and Q is connected, then U = Q,

which means f = 0 on Q.

W BB R, Aal ek B BUE R b X E AT A R RE.

#E3£ 6.3.2. Suppose f, g are holomorphic in a region Q and f(z) = g(z) for all z € Q, where Q
is an open subset of Q. Then f(z) =g(z) for z € Q.

By Cor 6.3.2, AR I AFAE, T whME—.
#E3£ 6.3.3. Suppose F and G are both analytic continuation of f into €. Then

F=GinQ
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6.4 XTHR[RIE

SIN  AEE M, FATE RN I RELL R MBI (Tietze LHATEIR).
BEAEZ M, X T 28R BEER LT A FIBAS 5588, Foyaalk BA N E R
EEPH EYelE, 1 His B — % additional characteristically rigid properties.

(-5 P67 Problem 1. 45 H T Ik (M) I % D (5 XAE D _ERI4 4 %)

ARG o —Fh A RSO 220k B SEH,  RITE ST SERRRR A X 380 IE 4.

XFRIREIE O TITIREIIE, R OR A e B BOA LT LANME 5
* Let Q be an open subset of C that is symmetric w.r.t. the real axis.

* Let Q" denote the part of Q that lies in the upper half-plane and Q" the part that lies in the lower

half-plane.

T ZE HR PR R

EI2 6.4.1. Symmetric principle.
If f* and f~ are holomorphic in Q* and Q~ respectively that extends continuously to I (I = Q N R)
and f*(x) = f~(x) for all x € I. Then

ff(2),ze QF
J@)=3f"(2)=f(2).z¢cl (6.24)
f(2),ze Q)
is holomorphic in Q.
JERA. V£ L1 P58 Thm 5.5 EH. O
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Schwartz R &f[RIE A / LIAXNFRIEEE ARG, Tg B 420k B0E 2 F SR FRIX 8
HIZE EFE. (Schwartz & 5T /RIE)

ZEIE 6.4.2. Schwartz reflection principle.
Suppose f is holomorphic in Q* that extends continuously to I and f is real-valued on I. Then dF

holomorphic in all Q, s.t. F = f in Q.

WERA. Define f~(z) = f(z) forz€ Q. Fix zp € Q~,3Ar > 0,s.t. Dy(z,) C Q".
Then z; € QF and D, (z;) € Q*. Vx € D,(z,), x € D,(z,)
Since f is holomorphic in Q*, by Thm 6.2.2 (445 R Z 2 i HT)

f@ =) alz~%)". ¥z e D(z) (6.25)
n=0
Then we have
S @ =) @lz-2)"= ) a(z-2)". ¥z Di(z) (6.26)
n=0 n=0

Therefore, f~ is analytic in @~. By Thm 3.1.2, f~ is holomorphic in Q™. (f#tHTpRE 13 4= 4l0)
Therefore, by Symmetric principle (X3 #RRIE),

fH(2).zeQ*
F(z) ={f"(z2)=f(2),z€el (6.27)
f(2.zeQ
is holomorphic in Q. O
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6.5 REHIEE 2024 — 04 — 07

1. (R7K P66 Ex10.)
Weierstrass’s theorem states that a continuous function on [0, 1] can be uniformly approxiamted
by polynomials. Can every continuous function on the closed unit disc be approxiated uni-

formly by polynomials in the variable z?

fi#. Absolutely No. Take f(z) = |z| continuous on DD into consideration.
If there exists polynomials {f,}_,, s. t. f, = f, then by Thm 6.2.1,

f is holomorphic on D, which is a contradiction with that f is not differentiable at x = O. ]

2. Suppose f is entire and real-valued on the real-axis. If f(1 + i) = 2 + i, then what is f(1 — i)?

fi#. Ans: 2 — i. (by Schwartz reflection principle) O

3. WA %5 T7 - 10, T15.
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\npy
Juy

71 Fo, e, B

TR RIEERE 6.3.05, MEAFHNEALRE A TIMILFR. T BN HAET 22 £
FEFANSLZE (R ) B BRI E.

Mg AL S E X

EX 7.1.1. Let Q c C be aregion, f : Q@ — C be holomorphic. We say the zero z, is isolated
if 3r > 0, s. t. f(z) # O for all z € D:(z).

7£. By Thm 6.3.1, we note that if f(z) # 0, z € Q (N4 AZ%), then the zeros of f(z) are isolated.

N2 AR A Al ok S AL S ) B AR .

IR 7.1.1. Suppose f(z) # O is holomorphic in a region Q. z, is a zero of f. Then Ir > 0 and

nonvanishing holomorphic function g(z) in D,(zy) and a unique integer n, s. t.

J(2) =(z—-20)"g(2), z € D(z)

. s f(z) £ 0 18I f N1EARZE, 1M g nonvanishing fEH/E g BN AZE.

* In this theorem, we say z, is a zero of f of multiplicity of n.

If n =1, we say z, is a simple zero of f.

WERA.

o F7EM: Since f is holomorphic, by Thm 6.2.2, AR > 0, s. .

f(2)= ) ax(z = 2)", Yz € Dr(z) (7.
k=0
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f(z) =0 = ag = 0. Since f(z) # 0, d the smallest integer n, s.t. a, # 0. Then
J(2) =(z-20)"(an+ ans1(z—20) +--+) = (2 - 2)"g(2) (7.2)

Clearly, 30 < r < R, s.t. g(z) # O for all z € D,(z,).

o ME—4: VW FS P73 Thm 1.1 3EAH.

MmN R AR R AU AR = 5E 3

EX 7.1.2. We say f : Di(z) — C has a pole at z, if J% is holomorphic in D,(z,) and has a

Zero at zg.

E. o FEMIEAL R XHARTE, ORI 1/f 18 20 ZTCE RG] pole F5E L.
H5L X R HUE EN F S MHA R e RAME, TSI P74 1E XL

E X 7.1.3. We say f : D(z) — C has a pole at z, if the function J%, defined to be zero at z,

is holomorphic in a full neighbourhood of z,.

o H15E L ATHI, apole of a function is isolated.

RYE AT 2 AR AL T R MEER BERZIE (Thm 7.1.1), W] DMR A 5 75 3 440 ok B4
HAR L ) B BRI E.

EIR 7.1.2. If f has a pole at z,, then Ir > 0 and a nonvanishing holomorphic function h(z) in

D,(z) and a unique positive integer n, s. t.

f(2) = (z—-2)""(2). z € D/(2)

JEBA. ¥ L4 P74 Thm 1.2 1EBH. o

URE A4 {Complex Analysis) — Elias M. Stein
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B B 72000 L, nTBUE P R A 2. X n Bl AR

*
=
N
E

FEIE 7.1.3. If f has a pole of order n at z,, then we can write

fz)= —2"  hr L 4G (7.3)

(z = 2z0)" z—- 2

where G(z) is holomorphic in some neighbourhood of z.

. e The sum

a_n a

— -+ (7.4)
(z—zo)" zZ— 2
is called the principal part (or singular part) of f at the pole z,.
* G(z) is called the holomorphic part of f at the pole z,.
* The coeflicient a_, is called the residue of f at the pole z,. We write Res, f = a_;.
MERR. 7 L45 P75 Thm 1.3 EH. O

KT BRI ALEAE SC, AT H G0 NAR = KA B AR > 22 .

T f Q- Cwithapole z, € Q, since %5,k = 2,---,n have primitives and G is

holomorphic, we have

f(z)dz = f Y dz=2mi-a, (1.5)
Crl(z0) Crzo) 2~ 20

WD ERT TS a5, Ry “BE” ZF.

NHAHE BT ERIG. % 20 N f 1 n ik
e n=1H/, Res,f = lim(z- z)f(z)

e n> 10, HATH

Resf = I i 1)1

(Y5 EER 7.1.30) A AT EARAFIE.)

() -y (7.6)
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7.2 Laurent Series Expansion

H b, N T Aedimdl f, AR & U BRI AL (Thm 6.2.2), H[FFERELE
W RSt R o 8 ) T 20, IERICA Laurent Series Expansion (&R # R 7).

FEIE 7.2.1. Let f be holomorphic on a region containing the annulus and its boundary

A={z|rn<|z—2z| <nr}, where 0<r <y (7.7)
Then
f@ =) az—z)" (7.8)
where
1 S
n=— ———d{, €[, 7.9
G = o fc,<zO> T =20 ¢, for any r € [r, 1] (7.9)
7. * The series in the Theorem is called the Laurent Series Expansion of f near z, or in

the annulus.

o {E[F—[33L A, Laurent B ME—; TEAFAIEMIE A, Laurent & A BEANA.

JUEBA. Fix ze A, 36 > 0, s.t. Cs(z) C A.

Consider
90 = L& (7.10)
{(—z
Then g({) is holomorphic in a region containing A\Ds(z) and its boundary.
By the principle of contour deformation (Thm 5.1.1, F] BT H[RIE)
f 9(9d¢ = 9(9dg + J(9dg (7.11)
Cry(20) Cs(2) Cr, (20)
By CIF (Thm 5.2.1)
2mi - f(z) = f 9(9dg (7.12)
Cs(2)
Thus
1 S 1 f S
= — d{ - — d 7.13
f(Z) 2mi fcrz(z()) Z— VA Z 2mi Cr, (20) Z— VA Z ( )

RSB o5 [, 22— [ f9ag.

CrZ(ZO) Z_Z 2mi s} (ZO) g—Z
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* If { € C,(2), then |{ — z| > |z — 2z

1 1 1 1 1 zZ—Zy
= = . = 7.14
{(-z (-2-(2z-2) I-2z 1—(“0) Z—ZOZ(Z—ZO) (7.14)

n=0

converges w.r.t. {. Hence

1 J(©) o[ 1 f S )
— d{ = — ———d 7.15
21t Je,y @) § — 2 ¢ ;) (2"1 Cr(z0) (€ = 20)""! ¢z (1)

(B4 BARUE B I FE 0] W ETE 6.2.2 FIUERA.)

* If T € Cy,(20), then [T — zo| < |z~ zol.

1 1 1 1 1 1 w(7-2)\"
- = = = . = 7.16
(-z z-0 (z-2z)-{-2z) z-2z 1-52 z—zoz(z—zo) ( )

(-z)"!
= g 7.17
(z = zo)" ( )
(z—2zo)"
= 7.18
23@ o

Hence

1 @ (L 1@ .
_2_7Ii Cr, (z0) ¢- ng - r;l (2ni fCrl(zo) (T — z)™! dg) (z - 20) (7.19)

HT L9 vn #£ A L holomorphic, K MARYEFETHIRIE (Thm 5.1.1), Vr € [ry, 1]

Tz
S0 Q)
-z ™ 7o md 7.20
fcm(z()) (¢ — z)"*! ¢ o) (= Zo)™1 ¢ (7.20)
S0 f £
Tz AT 721
f;rl(zO) (¢ — zp)"! ¢ iz (C = 7)™ ¢ ( )
Therefore
S 1 Nite)
f()_z_mfc(%)g 4 3w f:(zwf—zdZ (7.22)
3 @ ‘f @ ) o
Z=:o(2mfc (zo) (€ — )n+1 )(z zo)" + Z ( () (- Zo)"“ dg|(z — zo)
(7.23)

S n J© o
(2m iz (T Zo)n+1d§)(z Zo) +Z(2mfc(zo) Tz Z)(z z)" (7.24)

M
o

_V (L Q@ N
= Zw zm o @ =z 5) (z = 2) (7.25)
= Z a(z - z)", where a, = L &dz, for any r € [, o] (7.26)

21l J ez (§ = 20)™*!

|
8

O
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7.3 RIS 2024 — 04 — 08

1. Find the Laurent Expansion of

11 3
m U‘Lz<|Z—l|< 1 (727)
fi#. Ans:
D+ 2z -0 (7.28)
n=-1
O
2. Find the Laurent Expansion of
ZS
T+ 2 in2<lz<4 (7.29)
fi#. Ans:
z - 1\"
gve :z.;(_;) (7.30)
O
3. Find the Laurent Expansion of
2-2z+5
flz)= 2 =2 (7.31)

(z-2)(z2+1)

in 1< |z] < 2,2 < |z < +00 respectively.

B r2=5->

e In the annulus 1 < |z| < 2,

2 22 n=0 n=0

o Z" — 2(=1)"

= _Z n+l +Z z2n (733)
n=0 n=1
* In the annulus 2 < |z] < +oo,

11 2 1 1w (2\' < 2(-1)"
Z)=—"—5 " = - - + 7.34
J@ z 1-2 22 1+4 z;)(z) ; z2n (7.34)
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7.4 Residue Formula

SIN X T BIZEEXE, Cauchy’s Theorem (Thm 4.3.2) T4 557 1 34114 40 p& B0 K B AR 43
7 O0.

EXF T — M X, A EERS, N Cauchy’s Theorem AN FEZER0. BHH i 75 2L
i 2 T SR BT EA 411 Residue Formula K47 11 5.

Residue Formula 5645 H AN S B B30 L R B AR 1.

FEIE 7.4.1. Suppose f is holomorphic in a region containing D*(z,), r > 0, and z, is a pole of f.

Then

f(z)dz = 2mi - Res, f (7.35)

Cr(ZO)

UERA. {EBHZ trivial []. Suppose z, is a pole of order n. Then by Thm 7.1.3,

fz)=—2" 1.+ X LG (7.36)
(z - zp)" zZ- 2z

where G(z) is holomorphic in D,(z).

Since (z‘_L—Z’;)k, k=2,3,---,nadmit primitives and G is holomorphic in a region containing D:(z),
this yields
a
f f(z2)dz = f dz =2mi-a, = 2mi- Res,f (7.37)
Crl(z0) Ci(z0) 2~ Z0
O
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N %5 H Residue Formula. & 25 H [ 48 N S AA7E B BRI BIFR 4011 B A =

EIE 7.4.2. Residue Formula.
Suppose f is holomorphic in an open set containing a contour y and its interior except for poles

Zy, -, Z, € Interior(y). Then

f f(z)dz = 2mi )" Res, f (7.38)
Y k=1

JUERA. By Principle of Contour Deformation (Cor 5.1.3, [f1F8 2[R IE),

f f@dz=) | f@adz (7.39)
y k=1 v Cr(zk)

where C,, (z,), kk = 1 ~ n are disjoint circles in Interior(y).

Then by Thm 7.4.1, the desired result follows. O
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7.5 REHIER 2024 — 04 — 12

1. GRZA P103 T2.)

Evaluate

* 1
dx
j:oo 1+ x*

f#. Consider f(z) = — and the contour y; o ys.

(y1 N (-R,0) B (R, 0) MISEHZE, v, N (R 0)Z| (-R,0) 1 L¥F )

For sufficiently large R, the contour y; o y, contains poles e, e of f-

By the Residue Formula (Thm 7.4.2),

f(z)dz = 2mi (Rese%tf + Rese%f)

Y10V2

By the L’Hospital’s Rule (Thm A.1.1), since e* is a simple pole of f, we compute

i
Z — €4 L'Hospital 1 1

Res = f = hm (z- e4)f(z) nl

z—>e4

1+2z¢ 4% 4

Similarly, we have

Res s f = hm (z et )f(z) = -

z—e 4

Then
f J(2)dz = ff(Z)dZ+ff(Z)dz
Y10Y2 Y1 Y2
= 2mi (Rese%ff + Rese%f) = gn
Note that

< sup|f(2)| - length(y,)

Z€Y2

1

Since |1 +z | > |Z |— 1, then sup,.,, < .

f f(2)dz
Y2

< suplf(2)] - length(y,) <

ZEYy

1—)0, as R — o

Thus

[0 9] 1 ' ‘ '
LO 1+x4dx_%ﬂﬁﬂz)dz—%E?oﬁf(z)dz+%l_r>§o£f(z)dz

lim f(z)dz

R—eo Y1°V2

V2

—T
2
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(7.40)

(7.41)

(7.42)

(7.43)

(7.44)

(7.45)

(7.46)

(7.47)

(7.48)

(7.49)

(7.50)



2. Evaluate

I |
f dx, n>2
oo I+ XM

3. (IRA P103 T3.)

Evaluate

< cosx
ﬁdx, a>0
e X2t a

. Let f(z) = % Consider the contour y; o ys,.

(y1 N (-R,0) B (R, 0) FISEHZE, v, N (R 0) F| (-R,0) 1 L)

Since X SlZF R,

x2+a?

' sinx =0
e X2+ a?

Then

< cosx A=
I= dx = dx = lim z)dz
Imx2+a2 j:m x2 + a? Remjvlf()

By the Residue Formula (Thm 7.4.2),

iz

—a

) ne
f(2)dz = 2mi - Resyf = 2mi lim - =
y10Y2 z—ai Z + Al a
Since
i(Rcos 9+iRsin 9) R
f(z2dz| < sup |—————F|' T — 0, asR—
" Og&lgjn Rzel20 + a2 R2 _ a2
Therefore

< cosx o el
I= dx = dx = lim 2)dz
Ioox2+a2 [oo x2 + a? R—m‘f;lf()

4, WARE =225 T1 ~ TS.

5. 1A P79 ) 2.
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= lim f(2)dz
R—eo Y10V2

e

a

(7.51)

(7.52)

(7.53)

(7.54)

(7.55)

(7.56)

(7.57)

(7.58)



F/\E Week 8

8.1 IMEFEIE

AR —A CIF (Thm 5.2.1, /R AN) iR, RIHEEE.

7Rk 8.1.1. (Mean Value Property.)

If f is holomorphic on Dg(zy), where z, € C, R > 0, then

21
f(z0) = L f f(zo + r€)d9, 0 < r<R 8.1)
2t Jo

JERA. By CIF (Thm 5.2.1),

1 Q@ 1 (Tflmtre’)
Sf(z) = 2_7Tif<;r(z0) Z_Zodg— o ). o Tie d9 (8.2)
27
L f f(zo + re®)d9 (8.3)
2t Jo
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8.2 HE

g A R HE X
E X 8.2.1. A complex number z, is a singular point (or a singularity) of f if f is not analytic

at zo. We say z, is an isolated singularity if f is analytic in a deleted neighbourhood of z,.

E. RZHHO TR AR LZIMILFT R, EEAAEEERIT A

1 1 _1
z’ sinz’ e?-1"

* Ois an isolated singularity of
« Poles are isolated singularities. (A} S AIMIET5)

¢ For

(8.4)

sin £
z

0 is not an isolated singularity.

8.2.1 Classification of isolated singularities
AT FF ST 2K
ENX 8.2.2. Let f: D;(zy) — C where r > 0, z; € C be holomorphic with the Laurent expansion
f(2) = i an(z — 2o)" (8.5)

(1) z is called a removable singularity (FI & &) ifa,=0,n=1,2,---.

(2) 2z is called a pole (H =) if a, # 0, A (nsiy =0,k =1,2,---.

(3) zis called a essential singularity (A& 5) if a_, # O for infinitely many n > 1.

* f(z) =z ",n> 1 has a pole of order nat z = 0.
* f(z) = e has an essential singularity at z = O.

* f(z) = £ has a removable singularity at z = 0.

IERR.
e Zk—l

@ =) (8.6)
k=1 ’
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8.3 MAUFRHFMNZIE

N W AN A R A PERS, 4 A SRANAL T R S A 21

8.3.1 Removable Singularity
B, NTAEFTFRNREMER, RATATER BRERIEE SRR, /.

7E. If 2, is a removable singularity of f : D;(zy) — C, then we define f(zy) = ao so that f is

holomorphic in D,(z,), where

f@)= ) auz~2)". z € Dj(z) (8.7)
n=0

NS AT EFT 2 KF NI E.
EIR 8.3.1. If 7 is a singularity of f, then

7o € C is aremovable singularity  iff  f is bounded near z,.

(i.e. in a deleted neighbourhood of z,)

WERA.

13

= 7 : We can define the value of f at z, s. t.
f is holomorphic in D,(z,) for some r > O.

In particular, f is continuous in Dz(2,) and so f is bounded near z.

“«” : Define

g:D(z) —C (8.8)
(z - 20)*f(2). 2 # 2o
z+ g(z) = (8.9)
0,z= 2z
Then
G (2) = 2z - 20)f(2) + (2 2)*f (2), ¥z € D\(%) (8.10)
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Since f is bounded near z,,

i 9(2) — g(2o)
m ————-
o7 Z— Zo

= lim (z - 20)f(2) = 0

Thus g is holomorphic in D,(z) and so g is analytic in D,(z),

(o)

9(z) = Z cn(z—20)", Vz € Di(z)

n=0

Note that ¢, = g(zo) = 0, ¢; = g (zo) = 0. Thus

g(z) = Z an(z — z9)"*%, where a,, = Cp9,n=0,1,2,---

n=0

Therefore

f(2) = (z-2)%9(2) = ) an(z - 2)", ¥z € D}(z)

n=0

and so z, is a removable singularity of f.

(8.11)

(8.12)

(8.13)

(8.14)

M bR E B AUERI I RE T, AT ARG 2 R i i HE S, R Al XA R FNZIE.

i 8.3.2. If 7, is a singularity of f, then

Zo 1s a removable singularity
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lim(z — zy)f(z) = O.



8.3.2 Pole
TENERE 8.3.11941e, AL HRRFNZRIE.
i 8.3.3. 1 If z, is a singularity of f, then

zgisapole iff [f(z)] > c0asz — z.

HUERR. “ =

R S
.f(ZO)—O = |f(z)] > 0 as z - z,.

(3

& 7: Suppose |f(z)] = o0 as z — zy, then Ar > O, s. t.

f(z) #0, Yz € D;(2)

and so % is holomorphic on D;(z,). Moreover, |~

By Thm 8.3.1, 1s bounded near z,,

= Zz, is a removable singularity of J%

Since J% — 0 as z — zy, we have
1 - .
(— Z a,(z — z0)", Yz € D/(z), where ay =0 (8.15)
=0
Therefore, if we define f(— =0, then = is holomorphic on D,(z,). By Def 7.1.3, z, isa pole of f. O

8.3.3 Essential Singularity
FEHEER 1 EFE 8.3.141 Cor cor 8.3.3 (15 HL/a, T HIAIL AN E R IFNZIE
HEIL 8.3.4. If 7, is a singularity of f, then

Zo 1s an essential singularity  iff  lim|f(z)| does not exists.
zZ—20

(Here we allow the limit to be co)

Consider f(z) = ez. Since

. 1 . 1

lim ez = co, lim ez =0 (8.16)
zeR zeR
z—0" z—0"

Therefore O is an essential singularity of f.

%5} N A< P85 Cor 3.2

7



8.4 RIS 2024 — 04 — 15

1. (GRAT Question 1.)

Let z,, zy € C with Rez; < 0, Rez, < 0. Show

le”t —e?| < |z — 2z

2. (R8I Question 2.)

If f, g are entire functions that agree in infinite number of points, then f = g?

##. Eg: f(z) =sinz g(z) = e'sinz. o

3. (IR87 Question 3.)

Is there a holomorphic function f : C\{0} — C with a simple pole at z = O, s. t.

Jf(2)dz=07? (8.17)

C1(0)

fi#. simple pole = Resyf #0 = f f(2)dz = 2mi - Resyf # 0. i

C1(0)

4, PR == T13.
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8.5 AMFRHHINAREM

HEIE 8.3.1F1#E8 8.3.37] 41, @i&&ﬂ%ﬁ SRR S T PRS2 “FRERY”, & <Ak
AITERY”. (H3E FORIRATDR R, 44 R BUE AR M BT s M PRS2 “ARFRERY” (erratically),
& T A FHY”.

8.5.1 Casorati — Weierstrass EIE
N EFR VLI T, 44l pR B A M T e BT R S AN E B C TR T

EIE 8.5.1. 2 Casorati-Weierstrass.
Let f : D}(zy) — C be holomorphic and z, be an essential singularity of f. Then the image of f is

dense in C, that is,

VYwe C,Ve> 0, dz € DX(z), s.t.|[f(2) —w| < e.

MEBA. iEV%. Assume Jw e C, 6> 0,s.t. Yz € Di(z), [f(z) — w| = 6.

Define g(z) = on D;(z,). Then g(z) is holomorphic and bounded on D} (z).

J@)-w (Z) w
By Thm 8.3.1, z, is a removable singularity of g.

Define g(z) s.t. g(z) is holomorphic on D,(z;).

* If g(z) # O, since
f(z) = L+w (8.18)
9(z)

Then z, is a removable singularity of f, which is a contradiction.

* If g(zo) = O, then z, is a pole of f(z) — w

By Cor 8.3.3, z, is also a pole of f(z), which is also a contradiction.

Therefore, the proof is complete. O

2 { Complex Analysis) — Elias M. Stein P86 Thm 3.3
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8.5.2 Picard EIE

NS AN RA M E M TR, B Picard EIE. B JTEEZRE
—ARUE, AR EEARMET 2 I RER B0 B SEUE T 2R

EIE 8.5.2. Picard.
If z, is an essential singularity of f, then f(z) can take any complex number infinitely many times with

at most one exception.
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8.6 WHiIR#, I REFHE, KHFTELIMILFTS

8.6.1 Yr4hipR#g
FEL T ARSI A S U 5, R SR8 — 28 b 46 4% 17 59 14 T 445 6% 0

E X 8.6.1. A function f on an open set Q is meromorphic if f is holomorphic on Q except for

a sequence of poles in  and the sequence has no limit in €.

. o %1 “a sequence of poles” B N BRFF|H ] AT FFI.

o %1% “the sequence has no limit in Q” i BIFL &5 7 FI7E Q th T B .

g LA IE S R E 1T

* f(z) = m is a meromorphic function on C.
WFER. sinz=0 © z=kn keZ O
g(z) = (8.19)

: 1
sin 12

is a meromorphic function on D. However, Ye > 0, g(z) is not meromorphic on Dy, .(0).

MUERA. Polesof g(z)are 1 — =, k=1,2,---. o
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8.62 I FHEFMH
SRS AMSRM, T4 BT REFENE L.

E X 8.6.2. The extended complex plane

€ = C U {0}

E. BIRFNFIRATAL X CANINTER oo AT BRRBLYR, A 20H IR 2 Sk
[ % [Ffig, B

C==g?

SR P R E T E C M —AERE, HhAuR AN TR T R .

8.6.3 IFEAMIIFT=
ENX W T ISm AN ST B A L

E X 8.6.3. Suppose f : € — C be a function on C. We say o is an isolated singularity of f if

dR > 0, s.t.
f is holomorphic on {w € C | jw| > R}.

The set {w € C | jw| > R} for some R > O is called a deleted neighbourhood of co.

A o MR REFE C MR, WA ST ISImAL L AREI E S H A

o SEEADHTALETTEREL, fAE co BELRIVERT 5 AL F(2) = f(2) #£ z = 0 AVE S5

s SR (BERFRIMNFHN) — FEdl P60 21/ 18, 19
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NHAH F(z) = f(3) A, ENGHEBFREATETS Ra. RNMEFSHE L.
E X 8.6.4. Suppose f : C — C be a function on C. We say that

* f has a removable singularity at co if F has a removable singularity at O.

* f has a pole at oo if F has a pole at O.

* f has an essential singularity at co if F has an essential singularity at O.

BN g AR o i (2 VA PNt/

e p(z)=z"+a, 2" + - + 4,12z + a,, where a, € C, has a pole of order n at co.

MERA. Consider F(2) = p(3) = & + -+ + “= + a,. Then F(z) has a pole of order nat0. O

zZn

* €%, sin z, cos z all have essential singularities at co.

AFTEAMIFTRFNZIE S HESTLINLETRRFNRIE.

7T
#el 8.6.1. Suppose f : C — C is an entire function. Then

(1) f has a pole at oo iff f is a nonconstant polynomial.

(2) f has a removable singularity at oo iff f is a constant.

HUERA. Since f is entire, its Taylor Expansion f(z) = Y, a,z" converges for all z € C.
n=0

By definition,

(1) f has a pole at oo iff F(z) :f(i) = ), a,z " hasapole at O,
n=0
which is equivalent to the existence of a positive integer N s.t. ay # 0, ay.,x =0, k=1,2,---.
N
Then f(z) = F(i) = ), a,z" is a nonconstant polynomial.

n=0

(2) f has aremovable singularity at oo iff F(z) = f (%) = ), a,z " has a removable singularity at O,
n=0
which is equivalentto aj. = 0, k = 1,2, ---.

Then f(2z) = F(3) = ao is constant.
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8.7 RE5IEH 2024 — 04 — 19

1. VAR =255 T14. TI15.
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LE Week 9

\npy
Juy

9.1 ¥ EREFEC LELRHAZIE

FHBRAE B, & ET REFE C TR L AIRRE. I/, Jak Em
— N EERBIE X.

E X 9.1.1. A rational function in z is a quotient of polynomials in z.

KRR T REFE C EILMRE A E L. (P87, ZEMIXH N 1 & X! )

E X 9.1.2. A meromorphic function in the complex plane that is either holomorphic at co or has

a pole at oo is said to be meromorphic in the extended complex plane.

T4 BT ERBAEY FTEFE C LoZlim.

EIE 9.1.1. The meromorphic functions on C are the rational functions.

iEBA. Let f : € — C be a meromorphic function on €. Whether f has a pole or removable

singularity at co, f is holomorphic in the set {z € C | |z| > R} for some R.

Thus all other possible poles in C lie in the compact {z € C | |z| < R}, and so f can have only

finitely many poles in C, say z;, - - - , 2.2

1 { Complex Analysis) — Elias M. Stein
2By Bolzano-Weierstrass Theorem, {£—15 F- 54 b AW T4 (R 4EA3 KAL), %5 poles infinite, M 7E%4E (2 €
C|lzl € R} #F % 45, 5 meromorphic 7 .
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Hence there are positive numbers ny, - - - , ny, s. t.

G(z) = (z—z)™ -+ (z — z)"™f(z) has only removable singularities in C.

After filling the definition of G at zy, - - - , z, we may assume G(z) is entire. Observe that
G(z) isrational iff  f(z) is rational.

For G(z) at oo, there are 3 possibilities:
(1) If G(z) has a pole at co, then by Prop 8.6.1, G(z) is a nonconstant polynomial.
(2) If G(z) has a removable singularity at co, then G(z) is a constant.

(3) Assume oo is an essential singularity of G(z). This is impossible for the Laurent expansion of
~ 1 1 1 1 . .
G(z)=G(=)=(——2z)" - (— = )" f(—) near the origin 9.1

z z z z

has only finitely negative powers. Thus co is not an essential singularity of G(z).

Therefore, G(z) is rational, then f(z) is rational. ]
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9.2 I(EMAJ/EIE, Rouché’s Theorem

9.2.1 The Argument Principle

g R R RUE.

EIE 9.2.1. Argument Principle.
Suppose f is meromorphic in an open set containing a contour y and its interior. If f has no poles and

never vanishes on y, then

1 (f(2

2ni J, f(2)

where the zeros and poles are counted with their multiplicaties (i.e. orders).

dz = # (zeros of f in Interior(y)) — # (poles of f in Interior(y)) 9.2)

A AU AR E G EARIE.
PR f SERfr E5IS T — N2V z - plane 25— /N8P w - plane B128#, H[I

The mapping w = f(z) maps the contour y to a closed path I' in w — plane.

z—plane

9.1: mapping w = f(2)

Let T'(t) = (f o y)(t) = f(y(1)), t € [0, 1]. Then
1 (f 1 dw
dz = __

e VJ_C = 5= A (9.3)
MIRIZR T AT v e s A e, Bp
'=T1+---+T%
« & T WA AL I L holomorphic, fri =0,
o & I WERA R AL U fri & = 2.
NI}
o VJ% - rd—w = T S5 R 94)
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UEBA. Let f # 0 (AMEA 0) be a meromorphic function on an open set Q.

« If f has apole of order nat a € Q, then by Thm 7.1.2, 3 a nonvanishing (154~ 4 0) holomorphic

function h(z) in a neighbourhood of a, s. t.

J(2) =(z-a)"h(z)
Then

[@___n  R®

fz  z-a h(2) ©)
ResaJ;—c = —n = — the order of the pole a of f (9.6)

* If B € Qis a zero of order m of f, then by Thm 7.1.1, 9 a nonvanishing holomorphic function

d(z) in a neighbourhood of S, s. t.

f(2) = (z=-B)"g(2)

Then

fo_ m 4@ 07

f2) z-B 92
Resﬂ“Jf—c = m = the order of the zero 8 of f (9.8)

Therefore, J}— has simple poles at the zeros and poles of f, and
1 (f(2, : : . .
— dz = #(zeros of f in Interior(y)) — # (poles of f in Interior(y)) 9.9)
2ni J, f(2)

where the zeros and poles are counted with their multiplicaties (i.e. orders). O
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9.2.2 Rouché’s Theorem
TENRAIRIBHEL, T HIXAN5EA 7780 1T E Rouché’s Theorem.

EIE 9.2.2. Rouché’s Theorem.
Suppose f, g are holomorphic in an open set containing a contour y and its interior. If |f(z)| > |g(z)|

for all z € y, then

f and f + g have the same number of zeros in Interior(y).

JERH. VE4IUERH A] W 453P91 Thm 4.3. !

F|H Rouché’s Theorem, A0 CLIEHFZ 4, LUK BEREIR (FTA, §9.3 #1 2).

3 { Complex Analysis) — Elias M. Stein
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9.3 EEHIR 2024 — 04 — 22
1. Determine the number of zeros of

p(z)=2z"+52>-2z-2inD

%, Let f(z) =52% g(z) =z’ —z—2. Then |[f(2z)| =5 > 4 > |g(z)| on z € D.
Therefore, by Rouché’s Theorem (Thm 9.2.2),

p(z) = f(z) + g(z) has the same number of zeros as _f in D, which is 3.

2. (RBEAXEE FTA)

Letp(z) = 2"+ ;2" ' +--- + a,_1z + a,, where a;, -+ , a,, € C. Then

p(z) has n zeros in C.

. Letf(2)=2z"g(2) = aq1z"° + -+ ap1Z + Q.

If R is sufficiently large, say R > max {1, n - maX;<j<n |ax|}, then
lf(2)] > |g(z)| for all z € Cr(0)
Therefore, by Rouché’s Theorem (Thm 9.2.2),

p(z) = f(z) + g(z) has the same number of zeros as f in C, which is n.
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3. (BP26ELT)

Suppose |a| < 1, k=1,2,--- ,n.

f@=[]—= (9.10)

1 l1-az

If |b| < 1, then f(z) = b has n roots in D.

JERA. Let g(z) = b. Then |g(z)| = |b| < |f(2)| = 1 for all z € ID.
Then by Rouché’s Theorem (Thm 9.2.2),

f(z) — b = f(2) — g(z) has the same number of zeros as g in D, which is 0.
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% Week 11

\niy
Jiy

11.1 Rouché’s Theorem B F &L

T 4556k [\ iii— F Rouché’s Theorem (Thm 9.2.2).

EIE 11.1.1. Rouché’s Theorem.
Suppose f, g are holomorphic in an open set containing a contour y and its interior. If |f(z)| > |g(z)|

for all z € y, then

f and f + g have the same number of zeros in Interior(y).

E. ATLVE 55 2L dr U

e S If|f| > |f — gl forall z € y, then

f and g have the same number of zeros in Interior(y).

o TMESL b, FRATATLAZS H EE Rouché’s Theorem (Thm 11.1.1) 5 5 ) 2518 (S48 0855).
s If|fl +1gl > |f — gl for all z € y, then

f and g have the same number of zeros in Interior(y).
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11.2 Open Mapping Theorem & & Maximum Modulus Principle

N4 TR A SR AMRIRIE, EARM T IEEE SRS ER MR

11.2.1 FrERET EIE

EIE 11.2.1. Open Mapping Theorem.

If f is holomorphic and nonconstant in an open set €2, then f is open.

1122 HAERE

EIE 11.2.2. Maximum Modulus Principle.

If f is a nonconstant holomorphic function in a region €2, then

f cannot attain its maximum in Q.

7E. 25447 7 holomorphic A~ 7] 73554 continuous. % f:

g(z) = 1 — |z, z € D attains its maximum at z = O.

H#EIL 11.2.3. Suppose Q is a region with compact closure Q. If fis holomorphic in €2, and

continuous on €2, then

sup[f(2)| = sup [f(2)] (11.1)

z€Q 2eQ-Q
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11.3 Schwartz Lemma

R4 Schwartz Lemma, & 2 A5 [ Fr &9 1 2 FZBRET (Conformal Map) (124l

ZEIE 11.3.1. Schwartz Lemma.
Let f : D — D be holomorphic with f(0) = 0. Then

1) |f(2)] = |z| for all z € D.

If for some O # zy € D, |f(2)| = |20/, then I unit complex number c, s. t.

f(z)=cz

(i.e. f(z) is a rotation)

(i1) |f’(0)| < 1 and if equality holds, then f is a rotation.
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11.4 Exercise 2024-05-06

1. 5 P105T13-19, 21-22

2. 45 P109 Problem 2-3
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::Ei Week 12

\niy
Jiy

121 EX#H
BEATERATR BB — T §3.1, 3.3 WA RENBMA RME, a2 XKLL,
FE X 12.1.1. Yz € C, the solution to e = z is given by
Log(z) = log |z| + i(arg z + 2kmn), k€ N (12.1)

A holomorphic function g : U — C is called a branch of Logz on U if

ed? = zforallze U

Mg N SR SRR

@Rk 12.1.1. Let Q c C be simply connected, f : Q — C be holomorphic. Assume f(z) # O,
Vz € Q(nonvanishing). Then 3 holomorphic g : Q — C, s.t.

e9? = f(z) (12.2)

H#E1£ 12.1.1. Let Q c C be simply connected and let f : Q — C be holomorphic and nonvan-
ishing on Q. Then 3 holomorphic g : Q — C, s.t.

(9(2))* = f(2) (12.3)
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12.2 Conformal Mappings

THHENGRAESEERN—EHNE HFZBRST (Conformal Mappings). X — & 3.4/]
P MU IR, BF A& R e X 3 (8] i LR R ek &R

Jokgs HFLEBRET I E X

E X 12.2.1. A bijective holomorphic function f : U — V is called a conformal map or

biholomorphism. Given such a mapping f, we say that U&V are conformally equivalent.

E. RIEAT IR S TG M L e BR ST, Fog b, I R Prop 12.2.1, W LA S 1523
FEBRSS f U - V FHSL Bl 7 2Pl C M 7 X B — 1 Fih k&, Rl

U~V & dconformalmapf:U -V

T A HEIX AN F N K B MEZFN (conformally equivalent).

Mg AR R e, Egn i T A TRV R R A
Rk 12.2.1. If f : U — V is holomorphic and injective, then

f(2)#£0,YzeU

Moreover, the inverse of f defined on its range(i.e. f(U)) is holomorphic, and thus the inverse of a

conformal mapping is holomocphic.
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123 FEFHE H F D By ET
Sedh — AN RATE T E B S

H={zeC|Im(z) > 0}

T2 H—A B H 2 D RS U
EIE 12.3.1. The map following is a conformal map.

F:H—D

—Z+1
Z+—>

zZ+1

98

(12.4)

(12.5)

(12.6)



12.4 Exercise 2024-05-13

1. P248 T1.

2. P251 T13.

3. P209 §1.2 %51 1 - 8.
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=5 Week 13

\niy
Jiy

13.1 Automorphisms of D, C, H
N ERA R 7R I = AR X ) B [F149%# (Automorphism).
B4 BE4S (Automorphism) [ LS.

E X 13.1.1. A conformal map from an open set Q to itself is called an automorphism of Q.

The set of all automorphisms of € is denoted by Aut(€2).

FEHAI B TR D, 2F C, K P HCF— ) LiyEE##E (Automor-
phisms) (1) 85 HIEAT BF SRS 16
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13.2 Automorphisms of D

13.2.1 The Blaschke Factors

B ASRAH— AR, FINE D B EER—REEME Blaschke Factors:
6u(2) = 1“__622 € Aut(D), where a € C with |a| < 1 (13.1)

(7] H{ Maximum Modulus Principle (Thm 11.2.2) iF ] ¢,(D) c D)
7] I 25 5 15 2]

®a© pa(z) =2, YzeD (13.2)

13.2.2 Automorphisms of D
TES415¢ Blaschke Factors J5, T IFAI4H D b H R — ) 21 .
EIE 13.2.1. Automorphisms of D.

If f € Aut(D),then 39 € R, a€ D, s.t.

a—2z

1—-az

f(2) = € ga(2), where g4(2) = (13.3)

#1£ 13.2.2. The only automorphism of D that fixes the origin are the rotations.
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13.3 Automorphisms of C

SPI © L AR O, K RSB BB S 15 04516 CTEEYI T
5 R AT,

EI2 13.3.1. Automorphisms of C.
If f € Aut(Q), then

f(z)=az+ b for some a,beC, a+0 (13.4)
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13.4 Exercise 2024-05-20

1. P209-212 Examples.

2. P248 T1-7
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UE  Week 14

\niy
Jiy

14.1 Automorphisms of H

i — A B LIRA BRI 7T BP0 H b E FR 458

14.1.1 Moébius Transforms / Fractional Linear Transforms (7322 142 #r)
Sk 45 1 Mobius Transform [/ 8.
ENX 14.1.1. Given a, b, c,d € C, s.t. ad — bc # 0, then

b
is called a Mobius Transform. (14.1)
cz+d

7E. Mobius Transform is a composition of 3 elementary ones:

1.scaling:op(z) = pz, pe C,p# 0
2.translation:ty(z) =z+q, q€C (14.2)

3.inversion:I(z) = %()ﬁ?ﬁﬁ)

NS RS

a b|
e LetA= with det(A) # 0.
c d

(14.3)
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. (S22 METREEIEERD

SL,(R) = {A = (a b) ‘ ab,c.deR, det(A) = 1} (14.4)
c d

KT Méobius Transform, ASHEUEBAFA LU S5

1. Fact 1: Let A;, A, be 2 invertible metrics, then

M, 2,(2) = My, © My,(2) (14.5)

2. Fact 2: Mobius Transform preserves lines & circles.
E. BEAb TR

HE& — HZ/H
&
[ — FL/JE

3. Fact 3: Any circle can be preserved by the equation

b|z]*> — 2Re(az) + ¢ = 0, where a € C,b,c € R, bc < |al* (14.6)
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14.1.2 Automorphisms of H
AT U ERESRERE, B H R E EA A SRR B

EI2 14.1.1. Automorphisms of H.
If f € Aut(H), then A € SL,(R), s. t.

J(2) = Ma(2) (14.7)
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Mis& A L’Hospital’s Rule

Hsz b, fEEHUE C L, L’Hospital’s Rule [FIFEEA7. K HHMET £ C.

Al F/ILARA

Hoededn th— A B SRR,

EI2 A.1.1. Suppose f, g are holomorphic in a region containing D,(z,) for some r > 0. If
J(z0) = g(20) = O, then
J(2) _ f(2) A.D)

1m =
>z g(z)  g(20)

JERA. Since f(zy) = g(z,) = 0, then

J(2)=f(z)

) . R @) @) @)
G(0) ik do-gto) 2 G2 = gz) o g(2) (A2

107



	课程要求
	Week  1
	复数的引入
	复数的基本性质
	课堂例题2024-02-26
	复数域C 上的拓扑概念& 性质
	课堂例题2024-03-01

	Week  2  –  Functions  on  C
	连续函数和极值
	复变函数的极限，全纯函数
	Cauchy - Riemann  Equations
	全纯条件
	复变函数微分
	课堂例题2024-03-08

	Week  3
	幂级数，解析函数，复对数
	课堂例题2024-03-11
	复对数的性质
	道路
	课堂例题2024-03-15

	Week  4
	曲线积分
	课堂例题2024-03-18
	Cauchy's  Theorem
	课堂例题2024-03-22

	Week  5
	闭路变形原理
	Cauchy  Integral  Formulas
	课堂例题2024-03-25
	Sequence  of  functions
	课堂例题2024-03-29

	Week  6
	课堂例题2024-04-01
	函数项级数，全纯函数解析
	解析延拓
	对称原理
	课堂例题2024-04-07

	Week  7
	零点，极点，留数
	Laurent  Series  Expansion
	课堂例题2024-04-08
	Residue  Formula
	课堂例题2024-04-12

	Week  8
	均值定理
	奇点
	Classification  of  isolated  singularities

	孤立奇点的等价刻画
	Removable  Singularity
	Pole
	Essential  Singularity

	课堂例题2024-04-15
	本性奇点附近的不稳定性
	Casorati-Weierstrass 定理
	Picard 定理

	亚纯函数，扩充复平面，无穷远处孤立奇点
	亚纯函数
	扩充复平面
	无穷远处孤立奇点

	课堂例题2024-04-19

	Week  9
	扩充复平面 上亚纯函数的刻画
	辐角原理，Rouché's Theorem
	The  Argument  Principle
	Rouché's Theorem

	课堂例题2024-04-22

	Week  11
	Rouché's Theorem 的更强推论
	Open  Mapping  Theorem  &&  Maximum  Modulus  Principle
	开映射定理
	最大模原理

	Schwartz  Lemma
	Exercise 2024-05-06

	Week  12
	复对数
	Conformal  Mappings
	上半平面H 到D 的共形映射
	Exercise 2024-05-13

	Week  13
	Automorphisms of D ,  C,  H
	Automorphisms of D
	The  Blaschke  Factors
	Automorphisms of D

	Automorphisms of C
	Exercise 2024-05-20

	Week  14
	Automorphisms of H
	Möbius Transforms / Fractional Linear Transforms (分式线性变换)
	Automorphisms of H


	L'Hspital's  Rule
	弱化版本




